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Abstract
Kinetic models provide the means to understand and predict the dynamic behaviour of en-

zymes upon different perturbations. Despite their obvious advantages, classical parameteri-

zations require large amounts of data to fit their parameters. Particularly, enzymes

displaying complex reaction and regulatory (allosteric) mechanisms require a great number

of parameters and are therefore often represented by approximate formulae, thereby facili-

tating the fitting but ignoring many real kinetic behaviours. Here, we show that full explora-

tion of the plausible kinetic space for any enzyme can be achieved using sampling

strategies provided a thermodynamically feasible parameterization is used. To this end, we

developed a General Reaction Assembly and Sampling Platform (GRASP) capable of con-

sistently parameterizing and sampling accurate kinetic models using minimal reference

data. The former integrates the generalized MWCmodel and the elementary reaction for-

malism. By formulating the appropriate thermodynamic constraints, our framework enables

parameterization of any oligomeric enzyme kinetics without sacrificing complexity or using

simplifying assumptions. This thermodynamically safe parameterization relies on the defini-

tion of a reference state upon which feasible parameter sets can be efficiently sampled. Uni-

form sampling of the kinetics space enabled dissecting enzyme catalysis and revealing the

impact of thermodynamics on reaction kinetics. Our analysis distinguished three reaction

elasticity regions for common biochemical reactions: a steep linear region (0> ΔGr>-2 kJ/

mol), a transition region (-2> ΔGr>-20 kJ/mol) and a constant elasticity region (ΔGr <-20

kJ/mol). We also applied this framework to model more complex kinetic behaviours such as

the monomeric cooperativity of the mammalian glucokinase and the ultrasensitive response

of the phosphoenolpyruvate carboxylase of Escherichia coli. In both cases, our approach

described appropriately not only the kinetic behaviour of these enzymes, but it also provided

insights about the particular features underpinning the observed kinetics. Overall, this

framework will enable systematic parameterization and sampling of enzymatic reactions.
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Author Summary

Kinetic models enable understanding and prediction of the dynamic behaviour of enzy-
matic reactions. Different frameworks have been proposed to parameterize enzymatic re-
actions using approximate expressions while maintaining thermodynamic consistency.
Approximate expressions have been particularly sought and used, as kinetic expressions
typically require large amounts of data to fit their parameters. The latter however ignores
real kinetic behaviours and incurs in loss of generality. To overcome these limitations,
here we present a novel framework GRASP for exploring the kinetic behaviour of enzy-
matic reactions under uncertainty based on parameter sampling. By formulating the ap-
propriate thermodynamic constraints and using minimal biochemical reference data, our
framework is capable of parameterizing the kinetics of any oligomeric enzyme without
sacrificing complexity. To this task, we integrated the generalized MWCmodel and the el-
ementary reaction formalism, providing a thermodynamically-safe and easy-to-sample
parameterization. Application of our framework provided valuable insights into how reac-
tions are regulated under non-equilibrium conditions. We also showed how our approach
can be used to describe and understand complex kinetic behaviours of enzymes involved
in key regulatory steps of cell metabolism. Overall, this framework enables systematic ex-
ploration of the feasible kinetic behaviour of enzymes.

Introduction
Since the seminal work of Michaelis and Menten [1], enzyme kinetics theory has been devel-
oped for most catalytic mechanisms, captured as a series of elementary reactions representing
events at molecular level, i.e. binding and release of reactants from enzyme intermediates and
catalysis. The particular catalytic pattern of the enzyme dictates its mathematical representa-
tion, which can be obtained by solving equations for the enzyme intermediate concentrations
[2]. A quasi-steady-state assumption for these intermediates is commonly employed to this
end [3], yielding a final expression function of microscopic rate constants and reactant concen-
trations. The whole process can be automated using King-Altman’s method [4]. Some of the
rate constants are related to the apparent equilibrium constant of the overall reaction by the
Haldane relationships, directly linking kinetics with thermodynamics [5]. Moreover the rate
constants can be converted into macroscopic kinetic constants [6], which can be measured and
estimated from subsequent enzymatic assays.

The classical approach including various graphical representations works well for studying
regular enzymes up to a couple of substrates and a couple of products. With more complex re-
action mechanisms, the number of parameters becomes so large that a combination of model
reduction and/or computational sampling is required for study. Models can be reduced by in-
troducing simplifying assumptions, e.g., steps being at equilibrium, lumped elementary steps,
etc. Multiple expressions have been proposed to reasonably approximate kinetic behaviour
using available data while maintaining essential thermodynamic consistency [7–12]; however
they always incur some loss of generality. Computational sampling enables us to determine
emergent enzyme properties from high dimensional parameter spaces. Several sampling strate-
gies have been proposed, for example uniform parameter sampling within the S-formalism
[13,14], elasticity sampling [15,16] and relative enzyme saturation sampling [17,18]. All use
simplified kinetic expressions (loss of generality) and most ignore intrinsic thermodynamic
constraints between kinetic parameters, hence they will sample infeasible parameter sets.
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Current parameterization and sampling approaches also fail to accurately capture allosteric
regulation. Even though mass inhibition/activation can account for some degree of regulation,
metabolic control is mostly achieved through allosteric and transcriptional regulatory interac-
tions [19]. Modelling allosteric behaviour requires the inclusion of conformational informa-
tion, which enables description of both allosteric and cooperative interactions. The two most
famous of such models are the symmetry model of Monod, Wyman and Changeux (MWC)
[20] and the sequential model of Koshland, Némethy and Filmer (KNF) [21]. Both models are
based on the assumed equilibrium between two conformational states of the enzyme; a relaxed
(R) and tense (T) state. The main difference between these theories rests in how conformation-
al transitions proceed upon binding of ligands. While the MWCmodel demands maintenance
of conformational symmetry, the KNF model does not and instead requires strict induced fit.
Although these models can be considered as special cases of more general models, these gener-
alizations have so far not proven to be useful. In fact, the MWCmodel is regarded the model of
choice for describing allosteric and cooperative interactions [22]. Moreover, it has been dem-
onstrated that the MWCmodel can be cast in a convenient mathematical form [23], which can
be combined with the elementary reaction formalism.

In the current work, we present a General Reaction Assembly and Sampling Platform
(GRASP) capable of parameterizing and sampling the kinetics of any oligomeric enzyme by
using minimal reference and biochemical mechanistic data. Parameterization combines the
generalized MWCmodel for modelling the kinetics of oligomeric enzymes with the elementary
reaction formalism for deriving thermodynamically consistent catalytic expressions. By em-
ploying a convenient normalization at the elementary reaction level [24], we are able to de-
scribe reaction kinetics provided a reference flux and the thermodynamic affinity of the
reaction at the reference point. Using an accurate parameterization necessarily requires a large
number of parameters. An advantage is that the parameterization retains all intrinsic thermo-
dynamic constraints between kinetic parameters. We designed an efficient sampler producing
thermodynamically consistent parameters obeying the principle of microscopic reversibility.
Using an efficient Monte Carlo sampling technique that exploits the shape of the sampling
space, we ensure high parameter quality and low parameter rejection rates. The framework is
demonstrated through exploration of the full kinetic space of reactions, assessing the impact of
thermodynamic affinity, reaction molecularity and mechanisms, as well as modelling complex
kinetic behaviours.

Models

General framework for modelling metabolic reactions
In this article, we shall describe a general framework that enables parameterization and sam-
pling of kinetic parameters consistent with thermodynamic constraints. The framework em-
ploys the MWCmodel, which provides the basis for modelling most cooperative and allosteric
behaviours of multimeric enzymes [20]. The classical formulation including detailed assump-
tions and limitations are described in S1 Text. Our framework is based on the recasting of the
model developed by Popova and Sel’kov [23,25–27], in which the velocity of reaction of any
oligomeric enzyme is expressed as the product of two independent functions,

v ¼ Fcatalytic �Cregulatory ð1Þ

where Fcatalytic represents a rate law function for the protomers in the so-called relaxed (R)
conformation, andCregulatory denotes a regulatory function describing the conformational
mechanism of transition from a so-called tense (T) to the relaxed conformation. Equation 1
provides a general and simple interpretation of the kinetics of an oligomeric enzyme. Firstly,
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the shape of the catalytic function is determined only by the mechanism of elementary interac-
tions between substrates and products with one active site of the enzyme (catalytic mecha-
nism). Secondly, the regulatory function is invariant with respect to the action mechanism of
the catalytic sites. Thus, if one has information about the conformational mechanism of the en-
zyme, i.e. number of subunits, transitions, allosteric sites and effectors, and possesses an ex-
pression representing the catalytic mechanism for the conversion of substrates to products, the
catalytic and regulatory functions can be written as follows [23],

Fcatalytic ¼ n � vR ð2Þ

Cregulatory ¼
1þ ðvT=vRÞQ

1þ Q
ð3Þ

where vR and vT represent the velocity of reaction for the R and T conformations of the oligomer-
ic enzyme, respectively (both states follow the same reaction mechanism as protomers are identi-
cal), andQ is a function that determines the current ratio between the R and T states (see later).

The generalized MWCmodel enables parameterization of the kinetics of any oligomeric en-
zyme by decomposing the reaction velocity into two independent functions. An important fea-
ture of this parameterization is that it enables inclusion of fundamental thermodynamic
relations between kinetic parameters, as it is compatible with the elementary reaction formal-
ism. Some of these relations are lost when using other parameterizations. A complete overview
of the proposed framework is depicted in Fig. 1A. In the following, we present a systematic
method for parameterizing and sampling thermodynamically consistent kinetics.

Before considering complex cooperative or allosteric mechanisms, we will consider a simple
non-allosteric enzyme, i.e. n = 1 and L = 0 (no tense state) or L =1 (no relaxed state), the re-
sulting flux at any reference state is purely due to the catalytic function.

Cregulatory ¼ 1

v ¼ Fcatalytic ¼ vR
ð4Þ

Parameterization and sampling of the catalytic mechanism
Every enzymatic reaction can be broken into simple reversible steps called elementary reac-
tions. Using the law of mass action, the rate of each elementary reaction is written as [2],

velem ¼ k � x � e for binding steps

velem ¼ k � e for dissociation steps
ð5Þ

where k is a microscopic rate constant, x is the reactant concentration and e is the concentra-
tion of enzyme intermediate involved in the elementary step. Typically, the absolute values of
the metabolite and total enzyme concentrations are not known (although physiological ranges
can be estimated). To overcome this limitation, normalization of all the variables around a ref-
erence point (steady-state flux) is a convenient strategy. Following the scaling procedure em-
ployed by Tran et al. [24], normalization of these variables yields,

velem ¼ ðk � ereftotal � xref Þ �
x
xref

� �
� e

ereftotal

� �
¼ ~k � ~x � ~e for binding steps

velem ¼ ðk � ereftotalÞ �
e

ereftotal

� �
¼ ~k � ~e for dissociation steps

ð6Þ
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Fig 1. General framework for thermodynamically consistent parameterization and efficient sampling of metabolic reactions. (A) General Reaction
Assembly and Sampling Platform (GRASP) workflow. The steps indicated by * are only required for parameterizing and sampling allosteric reactions. (B)
Example of pattern constraints present in a random-order Uni-Bi mechanism with the formation of a ternary complex (EPQ). The intermediate EPQ splits to
the EP and EQ enzyme intermediates. This behaviour can be modelled by uniformly sampling the solution space for the steady-state elementary net fluxes
vnetelem, which captures the stoichiometric properties of the reaction pattern. (C) Illustration of energetic constrains in the previous mechanism. There are 2

Parameterization and Sampling of Enzyme Kinetics

PLOS Computational Biology | DOI:10.1371/journal.pcbi.1004195 April 14, 2015 5 / 25



The normalized metabolite concentrations are unitary at the reference point ð~x ref ¼ 1Þ, which
is used extensively in developing an efficient sampling strategy.

Rate laws can be derived from the enzyme mechanism and the microscopic rate constants
using the King-Altman’s method [4]. In order to sample kinetics, we can in principle sample
the rate constants directly. However, this leads to an inefficient sampler, where thermodynamic
constraints can only be validated after sampling resulting in a high rejection rate. Instead, we
design the sampling procedure to incorporate constraints directly without the need of assum-
ing any particular distribution for the rate constants.

Sampling enzyme intermediate abundances. It can be shown that Equation 6 can be
written in a simple generic form for the computation of the rate parameters at the reference
state (S1 Text),

vrefelem ¼ Pð~eref Þ � ~k ð7Þ

where vrefelem is the vector of elementary fluxes, Pð~eref Þ is a diagonal matrix function of the en-

zyme intermediate abundances vector ~eref and ~k is a vector of rate constants. Notably, the en-
zyme intermediate abundances sums to one and can be readily sampled using appropriate
probability distributions. Specifically, we seek to uniformly sample enzyme complex abun-
dances subject to

Xp

i¼1

~ei ¼ 1 ð8Þ

This problem can be viewed as uniformly sampling from the surface of a p-dimensional
simplex, which is equivalent as sampling from a multivariate Dirichlet distribution with hyper-
parameter vector 1 [28]. This distribution can be easily constructed and readily sampled using
Gamma distributions [29].

Sampling reversibilities. The rate constants ~k are subject to thermodynamic constraints,
which can be exploited in sampling by introducing a reversibility parameter (Ri) for each ele-
mentary reaction step describing the ratio of the reverse and forward elementary fluxes [24].

Ri ¼
vreverseelem;i

vforwardelem;i

� �sgnðvref Þ
ð9Þ

This parameter ranges between 0 and 1 with its particular value constrained by the values of
the other reversibilities in the pattern according to the principle of microscopic reversibility.
Briefly, this principle states that for any reaction at equilibrium the frequency of transitions in
both directions is the same for each individual reaction step. The same applies for non-sequen-
tial reaction (random-order) mechanisms at equilibrium provided that the alternative paths
are equivalent as far as kinetic order is concerned [30]. In the reference state considered here,
the enzymes are not at equilibrium and the probability ratio of the forward and reversed trajec-
tories is not unity (minimum entropy condition), but rather is given by the exponential of the
total change in entropy along the forward process. We have extended the principle of

possible cycles converting A into P+Q, namely: E! EA! EPQ! EP! E and E! EA! EPQ! EQ! E. According to the principle of microscopic
reversibility both pathways must be energetically equivalent as they execute the same reaction. Thermodynamic constraints for both paths are illustrated in
the free energy graph. (D) Thermodynamic constraints on the equilibrium allosteric constant (L) within the generalized MWCmodel. The value of L depends
on the ligand affinity of the active and tense states. Notably, in the absence of ligand the allosteric constant L favours the tense state, whereas with increasing
concentrations of ligand the active state becomes more favoured (lower conformational energy).

doi:10.1371/journal.pcbi.1004195.g001
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microscopic reversibility to the non-equilibrium steady-steady flux (S1 Text) producing the fol-
lowing criterion, X

lnðRiÞ
i2fundamental cycle

¼ sgnðvrefÞ � DGr

RT
ð10Þ

where ΔGr represents the Gibbs free energy difference of reaction, R denotes the universal gas
constant, T is the absolute temperature and vref denotes the reaction reference flux. In Equation
10 the sum is made over all sets of reversibilities capable of carrying out the reaction. Such sets
are called fundamental cycles and it has been demonstrated that a necessary and sufficient con-
dition for the system satisfying the microscopic reversibility principle, is for each of these cycles
to satisfy the criterion (Fig. 1B-C) [31]. The fundamental cycles are found by traversing the
edges of a graph connecting substrates to products and translating the paths into linear rela-
tions constraining different reversibility sets. A reversibility matrix (Orev) is constructed that
contains all the thermodynamic constraints in the reversibility vector ln(R).

Orev � lnðRÞ ¼ sgnðvrefÞ � DGr

RT
ð11Þ

In order to sample the reversibilities, they are first normalised so that they can be sampled
from the unitary simplex,

lnðR_iÞ ¼
lnðRiÞ

sgnðvrefÞ � DGr=RT
ð12Þ

where R
_

i represents the scaled reversibility. Using this transformation, Equation 11 can be cast
into a more convenient form.

Orev � lnðR
_Þ ¼ 1

0 � lnðR_iÞ � 1
ð13Þ

For compulsory-order mechanisms, Orev = 1T, and the condition in Equation 13 is the same
as the enzyme intermediate abundances sampling case (Equation 8). In order to sample ran-
dom-order mechanisms, the Dirichlet distribution can be used in conjunction with Linear Pro-
gramming (LP) techniques as shown in Equation 14. For each scaled reversibility, the lower
bound is randomly sampled using the Dirichlet distribution and later Equation 13 is solved by
maximizing the sum of the reversibilities. By fixing the lower bound of each reversibility, we
randomly generate points at different corners of the feasible hyperspace spanning all the solu-
tions described by Equation 13.

lb eDirichletð1Þ
max1TlnðR_Þ
s:t:

Orev � lnðR
_Þ ¼ 1

lb � lnðR_Þ � 1

ð14Þ

Using a sampled set of reversibilities satisfying Equation 11 and imposing the steady-state
condition on each elementary reaction, i.e. vnetelem;i ¼ vforwardelem;i � vreverseelem;i , the elementary flux vector

can be computed as the product of two elements,

vrefelem ¼ G � relem ð15Þ
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where Γ is a diagonal matrix function of the reversibilities and relem is a branching vector tak-
ing into account the pattern stoichiometry (see below). The diagonal elements of Γ depend on
the direction of the elementary reactions according to,

Gforward
i;i :¼ 1

1� Rsgnðvref Þ
i

Greverse
i;i :¼ Rsgnðvref Þ

i

1� Rsgnðvref Þ
i

ð16Þ

Finally, the constant rate vector ~k can be calculated by combining Equations 7 and 15 using the
general equation.

~k ¼ P�1ð~erefÞ � GðRÞ � relem ð17Þ

The matrix is invertible provided that Pð~eref Þ is diagonal with only non-zero elements. For a
complete derivation of this equation see the S1 Text. Calculation of the rate parameters as pre-
sented here ensures that they satisfy the fundamental thermodynamic principles under non-
equilibrium conditions.

Sampling elementary flux vectors. In order to determine the branching vector, relem, one
needs to take into account the stoichiometry of the reaction pattern. This can be achieved by
formulating and solving the mass balances for the forward and reverse elementary reactions
(Equation 18).

Spattern � ðvforwardelem � vreverseelem Þ ¼ Spattern � vnetelem ¼ 0 ð18Þ

Essentially, all patterns can be considered cycles that transform substrates into products
given that ΔGr<0 (Fig. 1B). The solution space is infinite as cycles are per definition indetermi-
nate. However, the sampling space can be constrained by formulating two additional restric-
tions: (1) elementary net fluxes are non-negative and (2) the maximum elementary net flux in
the pattern is equal to the reference flux for the R and T protomers (Equation 19).

vnetelem � 0

maxðvnetelemÞ ¼ vref
ð19Þ

The set of particular solutions for vnetelem that satisfy both Equations 18 and 19 will be called
relem. Direct sampling vnetelem from this subspace can be difficult. An alternative approach is to ex-
press all the paths solving Equation 18 as a linear combination of the null space basis of Spattern
(Npattern), sample uniformly the weights (w) that yield a non-negative solution and then nor-
malize (Fig. 1B). This procedure is summarized in Equations 20 and computationally produces
valid branching vectors more efficiently than direct sampling.

vnetelem ¼ Npattern � w

relem ¼ vref � vnetelem

maxðvnetelemÞ
ð20Þ

In summary, for a monomeric enzyme we use the elementary reaction formalism and sam-
ple the microscopic rate constants indirectly by sampling the three elements in Equation 17:
the reference state values of the enzyme intermediates, the reversibilities and the branching
vector. This sampling strategy ensures that any parameter set sampled satisfies both pattern
and kinetic constraints (Fig. 1B-C).
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Sampling functional contributions: catalytic and regulatory effects
Returning to the generalised MWCmodel, Equations 1–3, we note that the catalytic and regu-
latory contributions are confounded in the case of allosteric enzymes. Even if the reaction flux
is known in a particular state, the particular values of both functions are unknown. To resolve
this, we need to elucidate the contributions of the relaxed and tense conformations. The regula-
tory function is always less than or equal to 1, as the catalytic activity of the T state is less than
the R state [32], and we introduce the activity ratio (aref) of a tense protomer at the reference
state and sample this uniformly.

aref ¼ vrefT

vrefR
eUniformð0; 1Þ ð21Þ

Given aref we can rearrange Equations 2 and 3 to calculate the contributions of each state

vrefR ¼ Fref
catalytic

n
¼ vref

nCref
regulatory

vrefT ¼ aref � vrefR

ð22Þ

The catalytic mechanism is assumed identical for the R and T state and we sample this
mechanism twice using the two different reference points to generate feasible parameterisa-
tions for the R and T state.

The final step is to generate a sample of parameters for the Q function that satisfy Equation
3 in the reference point. The Q function can be expressed as [33],

Q ¼ L0 �
~eR0ðx; kRÞ
~eT0ðx; kTÞ

�

Ym
i¼1

Xr

j¼1

ð1þ xF;i;j=KT;i;jÞ

Ym
i¼1

Xt

j¼1

ð1þ xF;i;j=KR;i;jÞ

0BBBB@
1CCCCA

n

ð23Þ

where L0 is the allosteric constant between the R and T states in the absence of ligands, xF,i,j
represent effector concentrations binding to specific allosteric sites, KR,i,j and KT,i,j denote the
effectors dissociation constants for each state, ~eR0 and ~eT0 are the free enzyme fractions in both
conformational states as function of the respective rate parameters (kR,kT) and reactant con-
centrations (x),m represents the number of allosteric sites, and finally, r and t are the number
of positive and negative effectors binding to the allosteric sites in the R and T states, respective-
ly. Here we have assumed that the allosteric activators and inhibitors only bind to the R and T,
respectively [32], although this constraint can be relaxed.

In the reference point, Q does not depend on the reactant and effector concentrations as
they are defined as unitary at the reference point. We can determine all parameters in the Q
function based on sampled enzyme abundances (refer to Equation 8).

In the case of the conformational transitions, the change of the Gibbs free energy of confor-
mations between the R and T states is constrained by the ligand affinity of the two states. These
transitions point to a higher relative abundance of the free enzyme in the T state in the absence
of substrate, whereas in the presence of substrate the R state is more favoured [32]. Ultimately,
the latter yields L>1 and a ratio of affinity constants for both states Kaff

R =Kaff
T > 1 or equivalent-

ly KT/KR > 1 in the case of dissociation constants (Fig. 1D).
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Colosimo et al. [34] have derived a simple expression to determine the allosteric constant in
the absence of ligands assuming symmetric binding for the two states (Equation 24).

L0 ¼
KT

KR

� �n=2

ð24Þ

To estimate the dissociation constants in Equation 24, we can make use of the equilibrium as-
sumption between the R and T states and the unitary ligand concentration normalized at the
reference state.

L0 ¼
~erefT0=~e

ref
T1

~erefR0=~e
ref
R1

� �n=2

ð25Þ

In Equation 25, ð~eref0 Þ and ð~eref1 Þ denote the enzyme fractions free and bound to the ligand for
the R and T states at the reference state. The same principle can be used to calculate the effec-
tors dissociation constants. Calculation of each constant is achieved using the following general
formula for the allosteric sitem, and effector r binding to the R state and effector t binding to
the T state.

~K R;m;r ¼
erefR0=etotal � xrefF;m;r

erefR1=etotal
¼ ~erefR0

~erefR1

� xrefF;m;r

~K T;m;t ¼
erefT0=etotal � xrefF;m;t

erefT1=etotal
¼ ~erefT0

~erefT1

� xrefF;m;t

ð26Þ

In particular, the absolute concentrations of the allosteric effectors ðxrefm;r; x
ref
m;tÞ need not to be

known, as they are scaling factors for the absolute effector concentrations in Equation 23
which are unitary at the reference state.

Parameter set accuracy check
The sampling procedure generates only feasible parameter sets. Since this parameterization is
built upon a reference point, this can be validated by confirming that the parameter set pro-
duces the reference flux at the reference point, i.e. when the normalized metabolite concentra-
tions are unitary. We control the numerical accuracy of parameter sets by accepting only sets
achieving the reference flux within a tolerance, e.g. ε = 10-8,

jFref
catalytic �Cref

regulatory � vref j < " ð27Þ

In general, rejected instances are insignificant and normally represent less than 0.01% of the
sampled models.

If the reference values for the total enzyme and metabolite concentrations are known, they
can be used to transform the set of scaled rate constant into absolute constants. Microscopic
rate constants are commonly difficult to measure; therefore standard macroscopic constants
are preferred to parameterize rate expressions. Transformation of rate constants into macro-
scopic rate constants can be performed following Cleland’s rules [6], which are consistent with
the Haldane relationships. In this manner, estimated macroscopic constants can readily be
compared with available experimental data.

Parameterization and Sampling of Enzyme Kinetics

PLOS Computational Biology | DOI:10.1371/journal.pcbi.1004195 April 14, 2015 10 / 25



Elasticity analysis of the velocity of reaction
In order to determine the impact of reactant perturbations on the reaction rate, we estimated
the reaction elasticities upon an infinitesimal variation in the concentration of substrates and
products [2]. The partial derivatives were calculated using a central difference approximation,

"v~x ¼
~x
v
@v
@~x

jðvref ;~x ref ;~kÞ �
~x ref

vref
� vð~x

ref þ Dh; ~kÞ � vð~x ref � Dh; ~kÞ
2Dh

ð28Þ

where ~x ref represents the perturbed normalized reactant concentration, ~k denotes the rate con-
stants vector and Δh is the size of the perturbation. Given that the perturbations for reactant
concentrations are performed in the vicinity of the reference state, i.e. ~x ref ¼ 1, a uniform step
size of 10-2 equivalent to a 1% change was employed for all calculations.

Computational implementation
The implementation and execution of this workflow was performed in MATLAB 2013a (The
MathWorks, Natick, MA). Definition of the reversibility matrix was achieved using appropri-
ate MATLAB functions from the Bioinformatics toolbox. Automated derivation of rate laws
was achieved using King-Altman’s method for finding valid reaction patterns [4]. Qi et al. [35]
have recently reported an efficient algorithm (KAPattern) employing topological theory of line-
ar graphs for accomplishing this goal. By employing this algorithm, we derived the enzyme in-
termediates abundance functions which we then assembled to build the final velocity rate. All
computations were run on a Dell OptiPlex 990 Desktop (Intel Core i5-2400, 4 GB ram, Micro-
soft Windows 7, x86-based architecture).

Results
We have developed an efficient algorithm for parameterizing and sampling a very broad family
of enzyme mechanisms (Fig. 1). In the following, we will describe several applications of this
platform to assess the impact of thermodynamic affinity, reaction molecularity and mecha-
nisms, as well as modelling complex kinetic behaviours.

Dissecting enzyme catalysis: assessing the impact of reaction
molecularity
The connection between reaction thermodynamics and kinetics can be normally found in the
form of the Haldane relationships [5]. Depending on the mechanism of reaction, these rela-
tions relate the values of the macroscopic kinetic constants, i.e. dissociation and catalytic con-
stants, with the apparent equilibrium constant of the reaction. It would be interesting to derive
similar relations under non-equilibrium steady-state conditions, provided that biological sys-
tems operate in this regime. It has been demonstrated that the analysis of the relation between
the thermodynamic affinity (represented by ΔGr/RT) and the reaction velocity can still be per-
formed as if it were at equilibrium, by displacing the reference point from the equilibrium to
another appropriate reference state [36]. As such, relations analogous to the Haldane relation-
ships can be derived at this reference point (S1 Text). For example, for a Uni-Uni reaction con-
verting a substrate A into a product P the following relation can be derived,

exp
DGr

RT

� �
¼

~k�1
~k�2

~k�3

~k1
~k2
~k3

¼
~kcat;� � ~KA

~kcat;þ � ~KP

ð29Þ

where ~ki denote the rate constants at the reference state, ~KA and ~KP represent the normalized
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dissociation constants for A and P at the reference state, respectively, and ~kcat;þ and ~kcat;� are

the scaled catalytic constants for the forward and reverse reactions. It can be demonstrated that
the following generalized equation holds true for any reaction mechanism,

DGr

RT
¼ ln

~kcat;�
~kcat;þ

 !
catalytic

þ
Xs

i

Xp

j

ln
~K i

~K j

 !
binding

ð30Þ

where s and p denote the number of substrates and products, respectively. We have designated
the first term on the right-hand side of Equation 30 the catalytic (turnover) term, while the sec-
ond is called the binding (saturation) term. Notably, the catalytic term is independent of the re-
actant concentrations at the reference state, as opposed to the saturation term. In fact, it can be

shown that ~KA ¼ KA=A
ref , which can be regarded as the degree of saturation of the enzyme for

reactant A. In this way, Equation 30 enables the energetic analysis of any reaction by decom-
posing it in two contributions: (1) catalysis (how efficient is the enzyme converting substrates
into products at the reference state) and (2) binding (how saturated is the enzyme at the refer-
ence state). More importantly, this relation imposes a natural trade-off in enzyme catalysis.
Greater contributions of the catalytic term suggest a higher enzymatic efficiency in the conver-
sion of substrates to products, but a suboptimal saturation of the enzyme, i.e. KA/A

ref high. On
the contrary, high saturation contributions suggest lower conversion efficiency of substrates

into products, i.e. ~kcat;�=
~kcat;þ is relatively higher compared to the binding term.

To explore the consequences of this trade-off in enzymatic reactions, we uniformly sampled
the kinetic space of three ordered mechanisms following different molecularities: Uni-Uni, Bi-
Bi and Ter-Ter, under different Gibbs free energy differences and a constant reference flux. S1
Table shows the definition of the dissociation and catalytic constants in terms of the rate con-
stants using Cleland’s definitions. We performed the analysis considering conditions close to
equilibrium (-1 kJ/mol) to far from equilibrium (-80 kJ/mol) (Fig. 2). Notably, the average con-
version and saturation contributions ratio remains constant for different ΔGr/RT for all the ki-
netics sampled. As expected, the higher the molecularity of the reaction, the higher the
contribution of the binding term. The Uni-Uni mechanism exhibits a low average binding con-
tribution (32%), which increases for the Bi-Bi mechanism (60%) and further for the Ter-Ter
mechanism (71%). These results suggest that catalysis in multi-substrate enzymes is a process
strongly driven by the degree of saturation of the enzyme and to a lesser extent by the actual
conversion of substrates into products.

Uniform sampling of the kinetic space enables an unbiased appraisal of the relation between
thermodynamics and kinetics. For the aforementioned cases, the sums of the blue and red
areas represent the 95% confidence region of all the thermodynamically feasible parameter
sets. Interestingly, for all the tested mechanism, the feasible area increases with higher driving
force (ΔGr/RTmore negative). Such increased area point to a greater diversity of feasible pa-
rameter sets under more thermodynamically favourable conditions. On the contrary, more ho-
mogeneous parameter sets can be found closer to equilibrium, i.e. different parameter sets have
similar energetic contributions. The latter suggests that sampled parameter sets might have
similar kinetic behaviours closer to equilibrium. The next analysis will provide additional sup-
port for this assertion.

Revealing the impact of thermodynamics on enzyme kinetics
In the previous section, we assessed the effect of the reaction molecularity on enzyme catalysis.
We next analysed the impact of thermodynamics on enzyme kinetics. To that end, we
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uniformly sampled the kinetic space of reactions with same molecularity. Since the majority of
enzymes found in nature catalyse bimolecular reactions [2], we focussed our attention on the
most representative bimolecular mechanisms. There are two general mechanisms for bimolec-
ular reactions, the ping-pong mechanism in which a product is released before both substrates
have reacted with the enzyme, and the ternary complex (sequential) mechanism in which the
enzyme combines with both substrates before products are formed [6]. Sequential mechanisms
can be further divided into random and ordered mechanisms. In random-order mechanisms,
reactants can bind in either order, while in the ordered type sequential process one reactant al-
ways binds to a certain site before a second reactant binds to the other site [37]. The representa-
tion of all three mechanisms is shown in Fig. 3A. The impact of thermodynamics was
evaluated in each case by calculating the reaction sensitivities for substrates and products, i.e.
substrate and product elasticities, at different Gibbs free energy differences ranging from -1
(close to equilibrium) to -80 kJ/mol (practically irreversible). The 95% confidence regions for
the calculated reaction elasticities for the above mentioned reaction mechanisms are shown in
Fig. 3B-C.

The substrate and product elasticities strongly depend on the chosen thermodynamic refer-
ence state. Within the range of ΔGr analysed, two reaction elasticity regions can be distin-
guished: a variable elasticity region (0>ΔGr>-20 kJ/mol) and a constant elasticity region
(ΔGr<-20 kJ/mol). The former region can be further subdivided in two: a linear regime with a
steep slope (0>ΔGr>-2 kJ/mol) and a transition regime (-2>ΔGr>-20 kJ/mol). Notably, previ-
ous works have demonstrated an almost perfect linear correspondence between the thermody-
namic affinity and the reaction flux close to equilibrium, i.e. 0>ΔGr > -1.5 kJ/mol [38,39].
Such relationship has been shown to hold for ΔGr>-7 kJ/mol with less than 15% error [40].
Our simulation results are thus in line with what would be expected to be the kinetic behaviour
close to equilibrium.

Fig 2. Energetic landscape of the contributions of the catalytic and binding terms for ordered reactionmechanisms with different molecularities.
Molecularities analysed include (A) Uni-Uni, (B) Bi-Bi and (C) Ter-Ter reaction mechanisms. In each case, the following Gibbs free energy differences were
considered: -1, -5, -10, -20, -30, -50 and -80 kJ/mol and a reference flux of 1 mM/min was assumed. For this analysis, 104 parameter sets were sampled. The
blue and red lines denote the median of the distributions for the catalytic and binding terms of the reaction energetics, respectively, while the shaded areas
represent the 95% confidence regions for the respective contributions. The black line represents the sum of the two contributions which yields ΔGr/RT. As it
can be observed, both contributions decrease linearly with decreasing ΔGr/RT. In addition, the higher the molecularity the higher the relative importance of
the binding term. The numbers showed above each line denote their slope and quantify the extent of their energetic contributions. Notably, the sum of all
contributions must be one.

doi:10.1371/journal.pcbi.1004195.g002
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A remarkable feature of our sampling strategy is that it not only enabled analysis of the reac-
tion elasticities behaviours close to equilibrium but also far from it. In the case of the reaction
elasticities close to equilibrium, our sampling results show the substrate and product elasticities
are respectively monotonically decreasing and increasing, reaching their respective maximum
and minimum at equilibrium (Fig. 3B). This behaviour is consistent with previous analyses on
the behaviour of the reaction elasticities in this region [2] and supports our intuition: reactions
operating close to equilibrium are more susceptible to slight changes in the reactant concentra-
tions, exhibiting greater changes upon these perturbations. On the other hand, our analysis far
from equilibrium revealed both substrate and product elasticities reach a plateau at highly neg-
ative thermodynamic affinities for all the reaction mechanisms analysed. In the case of the sub-
strate elasticity, this plateau stabilizes close to zero for highly negative ΔGr. Notably, the
average substrate elasticity for thermodynamically favoured reactions is approximately 0.22
and not 0 as it would be expected. The latter is a direct result of our sampling strategy, which
seeks to uniformly sample all the possible parameter sets that are consistent with the Haldane
relationships at a chosen reference point. On the contrary, in the case of the product elasticity,
the average elasticity consistently approaches zero for all the mechanisms analysed under fa-
voured conditions. Furthermore, our sampling results suggest that product inhibition is almost
negligible for thermodynamically favoured reactions, i.e. ΔGr<-30 kJ/mol (Fig. 3C). S1 Text

Fig 3. Revealing the impact of thermodynamics on enzyme kinetics. (A) Schematic representation of the bimolecular mechanisms considered for the
analysis. (B) Substrate elasticities for three mechanisms considered: ordered (green), ping-pong (blue) and random-order (red) at different Gibbs free energy
differences of reaction ranging from -1 to -80 kJ/mol. Elasticities were calculated every -1 kJ/mol interval by sampling 104 instances each time. In this panel,
each line represents the median of the respective elasticity distribution, while the shaded areas denote the 95% confidence regions. Depending on the
chosen thermodynamic reference state, the elasticities can be almost constant for regions far from equilibrium (ΔGr <-20 kJ/mol) or highly variable close to
equilibrium (dashed blue line). The dashed green line represents the limit for the lineal regime of substrate elasticity variation, while the dashed red line
denotes the zero limit. (C) Product elasticities for the same representative bimolecular mechanisms. The lines and shaded areas represent the same as for
the substrate elasticities. Product inhibition is on average negligible for favourable thermodynamic conditions, i.e. ΔGr < -30 kJ/mol (right side of the dashed
blue line).

doi:10.1371/journal.pcbi.1004195.g003
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provides an illustrative explanation of the asymptotic behaviour of the reaction elasticities near
and far from equilibrium. Additionally, it is also important to highlight that the allowable elas-
ticity regions becomes tighter as we move closer to equilibrium (Fig. 3B-C). The latter supports
our earlier findings of sampling more homogenous parameter sets close to equilibrium. Indeed,
the closer to equilibrium the tighter the feasible parameter space becomes, and thus, a more
similar response upon reactant perturbations is obtained.

Finally, reaction mechanisms have similar elasticity behaviours across the analysed ΔGr

range. However, the average response of ordered and random mechanisms is more similar
than the response of the ping-pong mechanism. This is most readily appreciated when compar-
ing the substrate elasticities (Fig. 3B). As previously mentioned, the ping-pong mechanism exe-
cutes a fundamentally different mechanism in which the release of the first product takes place
before binding of the second substrate. The latter explains the slightly lower average substrate
elasticity. Interestingly, negative substrate elasticities can be encountered in the random order
mechanism for high thermodynamic affinities (approx. ΔGr<-18 kJ/mol), i.e. the addition of
substrate decreases the velocity of reaction (elasticities below the red dashed line in Fig. 3B).
This behaviour has been demonstrated previously for random-order mechanisms [41]. Theo-
retical analysis of these mechanisms has shown that they can give rise to apparent substrate in-
hibition or substrate activation [2]. For example, depending on the kinetic parameter values
and the substrate concentrations, the reaction rate for the enzymes following this mechanism
can display an apparent cooperative behaviour (sigmoidal reaction rate) upon addition of one
substrate maintaining the other constant, while in the opposite situation they can exhibit sub-
strate inhibition (the reaction rate pass through a maximum) [41]. Although this behaviour is
not very common, there is evidence of such in the literature [42]. More importantly, our frame-
work enabled unbiased sampling of all feasible kinetic behaviours, thereby revealing the impact
of the thermodynamic affinity on the reaction rate.

Sampling a rare kinetic event: Monomeric cooperativity of mammalian
glucokinase
ATP-mediated phosphorylation of glucose represents the first step of the glycolysis. In mam-
mals, this step is performed by four different isozymes (EC 2.7.1.1) located in different tissues.
Hexokinases I-III are mainly located in the brain, muscle and erythrocytes [43], while hexoki-
nase IV (glucokinase) is primarily located in the liver and pancreatic β-cells [44]. In the latter
tissues, glucose phosphorylation is the rate-limiting step of glucose metabolism, and more im-
portantly, it is ultimately responsible for the release of insulin into the bloodstream which
maintains glucose homeostasis in the body.

Unlike hexokinases I-III, glucokinase has unique kinetic features that enable its regulatory
function. It displays a sigmoidal response upon increasing glucose concentration, i.e. positive
cooperativity, but has a hyperbolic behaviour upon increasing MgATP2-, i.e. Michaelis-Menten
kinetics [45]. This positive cooperativity for glucose is intriguing as the enzyme is monomeric,
which contradicts standard cooperativity models and thus requires a conceptually different ex-
planation. One of the simplest models capable of explaining this behaviour is the mnemonic
model [46]. Briefly, this model proposes that the conformation of an enzyme following product
release could be different from the initial enzyme state, i.e. the enzyme has memory. In the case
of glucokinase, this model suggests a slow conformational transition from a low-affinity state
(E�) to a high-affinity state (E), which ultimately carries out both catalysis and product release
(Fig. 4). This transition can be enhanced with increasing glucose concentrations, yielding the
observed positive cooperative behaviour on this substrate (kinetic cooperativity). Other possi-
ble explanations like a reaction mechanism with random addition of substrates has been
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discarded, as isotope exchange studies have demonstrated an ordered mechanism with glucose
binding first [47].

One question that can be addressed using the current framework is how likely it is to en-
counter a particular kinetic behaviour. In this case, we are interested in estimating the frequen-
cy of positive cooperativity for glucose of the glucokinase. To this end, we uniformly sampled
the kinetic space for this enzyme and counted the frequency of parameter sets displaying posi-
tive cooperativity for glucose (estimated Hill coefficient, nH>1). In order to mimic enzymatic
assays conditions, i.e. high substrate concentrations and almost no products, a reference Gibbs
free energy difference of -100 kJ/mol was used. Very similar results were found using down to
-50 kJ/mol of ΔGr. The latter was expected as reaction elasticities were found to reach a plateau
for ΔGr<-30 kJ/mol (Fig. 3B-C). Nevertheless, in order to ensure initial velocity conditions, we
chose the former difference. The reference steady-state flux under this condition was set to the
experimental value of 0.064 mM/min found in the literature [48].

Approximately 93% of the sampled kinetics displays positive cooperativity for glucose
(Fig. 5A). However, a small portion of the models (~7%) displayed an apparent negative coop-
erative behaviour. The latter is possible due to the existence of competing parallel pathways in
the reaction mechanism, i.e. E! E-glc! E-glc-atp! E-g6p-adp! E-adp! E and E! E� !
E-glc! E-glc-atp! E-g6p-adp! E-adp! E (Fig. 4). As previously mentioned, reaction
mechanisms with branched steps can exhibit apparent substrate inhibition depending on the
kinetic parameter values and the substrate concentrations. In this case, this will depend on the
value of the branching factor for the E! E-glc and E! E� steps. In particular, if a large ele-
mentary net flux is sampled for the E! E� step at the reference state, then the successive addi-
tion of glucose will inhibit the velocity of the reaction as opposed to enhancing it.

The great majority of the models displaying cooperativity for glucose are consistent with a
slow transition from the low to the high-affinity enzyme state (98.1%) (Fig. 5B). This kinetic
behaviour has been extensively studied and there is abundant supporting evidence [49]. Re-
markably, the sampled kinetics contained the experimentally observed Hill coefficient for this
enzyme (nH,real = 1.70 ±0.1 [49]), within one standard deviation (nH,sampled = 1.77±0.5), which

Fig 4. Schematic representation of the mnemonic model for the mammalian glucokinase. This model
proposes a slow conformational transition from a low-affinity state (E*) to a high-affinity state (E) that can be
enhanced with increasing glucose concentration yielding the observed cooperative behaviour.

doi:10.1371/journal.pcbi.1004195.g004
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confirms the suitability of the mnemonic model for modelling this kinetic behaviour. Fig. 5C
shows a comparison of the fitted kinetic model by Storer and Cornish-Bowden [48] and the
sampled kinetics using our framework. Better agreement between the models is encountered at
high glucose concentrations (>20 mM), i.e. where the cooperative behaviour is less pro-
nounced, while at lower glucose concentrations (<4 mM) slightly higher discrepancies can be
observed. As expected, a perfect match between both models is found at the reference state, as
by construction the proposed framework builds the parameterization at this point (vref = 0.064
mM/min). Interestingly, the variability of the sampled kinetics is not proportional to the glu-
cose concentration as opposed to fitted model (Fig. 5C). For some glucose concentration re-
gions, the kinetic behaviour of the sampled models displays a relative greater variability for low
glucose concentrations (<20 mM) and a relative lower variability for higher concentrations.
The latter shows that thermodynamically consistent parameter sampling can provide means
for effectively accounting for the feasible kinetic space without the need for excessive data.
Moreover, the addition of extra data will further reduce the feasible kinetic space for this partic-
ular mechanism. Taken together, these results show that by using this framework, exploration
of the kinetic space for complex reactions can be achieved provided that the reaction mecha-
nism is known and by setting the right thermodynamic constraints.

Allosteric regulation: Modelling co-activation of Escherichia coli PEP
carboxylase (PEPC)
Phosphoenolpyruvate carboxylase (EC 4.1.1.31) is one of the CO2-fixing enzymes present in
the carbon central metabolism of many photosynthetic organisms as well as most non-photo-
synthetic bacteria and protozoa [50]. In glucose-limited Escherichia coli cultures, PEPC is in-
volved in the only active anaplerotic reaction replenishing pools of intermediary metabolites of
the tricarboxylic acid (TCA) cycle [51] (Fig. 6A). This enzyme catalyses the conversion of phos-
phoenolpyruvate (PEP) and bicarbonate into oxaloacetate and orthophosphate in the presence
of Mg2+. This reaction is highly exergonic (DGo

r = -43.2 kJ/mol[52]), making it practically irre-
versible under physiological conditions. The catalytic mechanism of this enzyme has been elu-
cidated with an ordered binding of phosphoenolpyruvate first and releasing of oxaloacetate as
the final step (Fig. 6B) [50]. The regulatory mechanism behind the operation of this enzyme is

Fig 5. Samplingmonomeric cooperativity of mammalian glucokinase. (A) Probability distribution of the Hill coefficient for the glucokinase.
Approximately 93% out of 104 sampled kinetics displays cooperative behaviour. (B) Probability distribution for the ratio of the forward and reverse rate
constants from the low- to the high-affinity enzyme state. The great majority (98.1%) of the models exhibiting positive cooperativity agrees with a slow
transition from the low- to the high-affinity enzyme states. (C) Comparison of the kinetic space described by the model developed by Storer and Cornish-
Bowden [48] (blue) and the sampled kinetics using the mnemonic model (red). Each line represents the real kinetic behaviour described by the two models,
while the shaded areas denote one-standard-deviation confidence regions for each approach.

doi:10.1371/journal.pcbi.1004195.g005
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much more complex. The enzyme is allosterically activated by acetyl-CoA, long-chain fatty
acids and their acyl coenzyme A derivatives, fructose 1,6-bisphosphate (FBP) and the nucleo-
tides guanosine-5’-triphosphate and cytidine-5’-diphosphate, whereas it is inhibited by L-
aspartate and L-malate [53–56] (Fig. 6A). In particular, the mechanism of activation of this en-
zyme upon the combined action of FBP and acetyl-CoA has been studied in detail. These two
activators bind to different allosteric sites, synergistically activating the tetrameric active form
[57]. Alone FBP has been shown to exert little activation of the enzyme upon binding of PEP;
however acetyl-CoA alone can greatly enhance the activation induced by FBP [58]. A plausible
synergistic model capable of explaining this behaviour has been proposed by Smith et al. [57]
and it is shown in Fig. 6C. Notably, this model is a hybrid between that of Monod et al. [20]
and that of Koshland et al. [21] in that the mechanism of transitions requires the presence of
the activators and/or ligand (PEP) for the enzyme to be active (induced fit), however it also as-
sumes isomerization of all subunits to describe cooperative interactions (concerted model).

The particular kinetic features of the PEPC have been shown lately to play a key role in the
regulation of anapleurosis in E. coli. Xu et al. [58] have demonstrated that E. coli is able to turn
off PEP consumption quickly upon glucose removal thanks to the ultrasensitive response of
the PEPC upon FBP depletion. Following glucose removal, depletion of FBP from 15 mM to
0.45 mM has been shown to almost entirely turn off PEP consumption [58]. This rapid re-
sponse enabled accumulation of PEP for the rapid import of glucose when it becomes available
again. Using the present framework, we sampled the complex regulatory behaviour using the
mechanistic information depicted in Fig. 6B-C. For the regulatory mechanism, however, we
also considered the tense form to be capable of performing the reaction, although with a lower
activity compared to the relaxed form. Indeed, the model of Smith et al. [57] can be regarded as

Fig 6. Complex allosteric regulatory interactions control the kinetic behaviour of phosphoenolpyruvate carboxylase (PEPC) in E. coli. (A) PEPC
regulates anaplerotic metabolism in E. coli through several allosteric interactions. This enzyme carries out the conversion of phosphoenolpyruvate and
bicarbonate into oxaloacetate and inorganic phosphate. All reactants are highlighted in black. The red and green dashed lines denote the inhibition and
activation exerted by different effectors, respectively. (B) Ordered Bi-Bi mechanism for PEPC catalysis. Phosphoenolpyruvate, bicarbonate, oxaloacetate
and orthophosphate are denoted by the abbreviations pep, hco3

−, oaa and pi, respectively. (C) Mechanism of synergistic activation of PEPC transitions
proposed by Smith et al. [57]. This mechanism considers two separate binding sites for the two types of activators (allosteric sites) and another for the
substrates (catalytic site), each of them being capable of independently interacting with different enzymatic complexes. Notably, this model assumes the
existence of the relaxed enzyme (active) only in the presence of activators, one of which may be the substrate pep.

doi:10.1371/journal.pcbi.1004195.g006
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a special case of our parameterization with aref = 0. In this case, we are interested in describing
the ultrasensitive response of PEPC in the presence/absence of acetyl-CoA under changing
FBP concentrations. To this end, experimental data from Xu et al. [58] was used as reference
data to build and sample feasible kinetics. The thermodynamic reference state was chosen to
ensure initial velocity as done for the mammalian glucokinase. To assess the performance of
our framework, we compared our results against an empirical model developed by Lee et al.
[59] and calibrated using data collected under similar conditions [55]. The empirical model
was adjusted to the same reference state used during sampling to ensure a fair comparison.

Our sampling strategy accurately described the kinetic behaviour of the PEPC for different
FBP concentrations in the presence of acetyl-CoA at physiological concentrations (Fig. 7A).
Moreover, it exhibited a slightly better performance than the model of Lee et al. [59] under the
same condition. However, a worse performance of our approach is observed in the absence of
acetyl-CoA (Fig. 7A). This was expected as our framework builds kinetic models around one
reference state, which in this case was set to 0.63 mM acetyl-CoA and 2 mM PEP. When ace-
tyl-CoA is absent, a larger diversity of plausible kinetics is predicted by our sampling approach,

Fig 7. Modelling the regulatory co-activation behaviour of PEPC upon FBP and Acetyl-CoA binding. (A) Comparison of the kinetic behaviour
described by the empirical model of Lee et al. [59] (blue line) and the best sampled kinetics using our framework (red line) with and without Acetyl-CoA. The
substrates concentrations used in each case were: 2 mM PEP, 10 mM bicarbonate, 15 mM FBP and 0.63 mM acetyl-CoA, which correspond to the
physiological concentrations found in E. coli in glucose-limited cultures [58]. The red shaded area denotes a 99% confidence region for 104 instances
sampled. (B) Comparison of the kinetic behaviours including additional information during the sampling. The legends and concentrations used are the same
as in (A). (C) Hill coefficient curves for the most accurate PEPCmodel sampled in the presence and absence of FBP and acetyl-CoA at physiological
concentrations. The coloured circles denote experimentally determined Hill coefficients under conditions resembling physiological concentrations of PEP,
FBP and acetyl-CoA [55]. (D) Regulatory kinetic behaviour described by the PEPCmodel with 15 mM of FBP (black circles), i.e. physiological condition, and
0.45 mM of FBP (black squares), i.e. carbon-starvation condition, for different acetyl-CoA concentrations. The dashed line represents the physiological
concentration of 0.63 mM Acetyl-CoA found in E. coli under normal physiological conditions.

doi:10.1371/journal.pcbi.1004195.g007
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although displaying a more sigmoidal behaviour. In order to improve the fitting to this condi-
tion, we can perform a rejection step during the sampling so that every accepted parameter set
agrees with the experimental data under this condition. This strategy is typically used in Bayes-
ian Inference by Approximate Bayesian Computation (ABC) methods [60]. In particular, the
above method corresponds to the simplest ABC method, the rejection sampler [61]. There are
other more efficient samplers implemented within the ABC setting to compute the parameters’
distributions [62,63]; however we opted for the simplest as a-proof-of-principle to demonstrate
our strategy. As it can be observed in Fig. 7B, the inclusion of additional experimental data fur-
ther constraints the plausible kinetic space. Interestingly, even with the addition of extra infor-
mation during the sampling, the most accurate description for this kinetics displays a
sigmoidal behaviour as opposed to the observed hyperbolic kinetics. Indeed, PEPC activation
is a fairly complex phenomenon and involves the synergistic interplay of two classes of effec-
tors (type I, e.g. FBP, and type II, e.g. acetyl-CoA) [57]. In particular, PEPC activation can be
achieved by the sole action of FBP or combined with acetyl-CoA. This behaviour has been pre-
viously attributed to play a key role in the rapid adaptation of E. coli from normal-growing cul-
ture conditions to carbon-starvation or acetate switch conditions [58].

To explore this feature more thoroughly, we generated the Hill curves for PEPC upon PEP
binding using the most accurate sampled parameter set in the presence/absence of FBP and
acetyl-CoA upon binding of PEP (Fig. 7C, see S1 Text for generation of Hill curves). In order
to compare our results, we also show experimentally measured Hill coefficients reported by
Izui et al. [55] obtained under similar conditions. Firstly, our results are consistent with the the-
ory as they show bell-shaped Hill curves reaching an asymptotic value of unity at either PEP!
0 or PEP!1 [64]. Furthermore, they suggest acetyl-CoA is the most powerful activator. As
the curves move to the left, the apparent affinity constants increase. The largest displacements
are observed in the presence of acetyl-CoA, which supports its role as an invariant activator for
the synergistic co-activation of PEPC [57]. Another consequence of the latter is the increase of
the enzyme forms in the relaxed state. As the apparent affinity increases, more enzyme forms
transition from the tense to the relaxed state. In terms of the prediction of the cooperativity
under the different conditions studied, the sampled kinetics is in close agreement with the ex-
perimental data. Notably, a theoretical higher cooperativity for PEPC upon PEP binding is ob-
served in the presence of FBP rather than acetyl-CoA (max(nH,Acetyl-CoA(-),FBP(+)) = 2.05, max
(nH,Acetyl-CoA(+)FBP(-)) = 1.4) (Fig. 7C). These results agree with previous reports indicating low
cooperativity for acetyl-CoA alone (1.07< nH < 1.2 for 0.02< acetyl-CoA< 1.0 mM and
0.1< PEP< 50 mM [55,57]), whereas significant cooperativity for the FBP interaction
[53,55,65]. Moreover, our results predict a maximal Hill coefficient of approx. 1.15 for PEPC in
the absence of both FBP and acetyl-CoA which is close to the reported value of 1.2 reported by
Izui et al. [55].

To further understand the synergistic contributions of the FBP and acetyl-CoA on the
PEPC, we explored the impact of acetyl-CoA on the regulatory function (Cregulatory) using
again the most experimentally consistent sampled parameter set. Under carbon-starvation con-
ditions (low FBP) and at acetyl-CoA physiological concentrations, PEPC was only activated in
~10% (Fig. 7D). The presence of both effectors at physiological concentrations as seen in glu-
cose-limited cultures enhanced PEPC activity to almost 99%. Altogether, our results predict a
drop of ~90% in the activity of PEPC upon shifting from normal culture conditions to carbon
starvation. Experimental values determined for this enzyme simulating these conditions
yielded an approx. 94% decrease in its activity [58], close to the one predicted by our model.
More importantly, the employed parameterization provides the means to understand how this
enzyme is being regulated. As such, this framework is not only capable of sampling and
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modelling complex kinetic behaviours, but it also provides useful insights into the regulatory
mechanisms underpinning those kinetics.

Discussion
We have presented a general framework for parameterizing and sampling almost any reaction
kinetics. Parameterization relies on the integration of the generalized MWCmodel for model-
ling the kinetics of oligomeric enzymes with the elementary reaction formalism for deriving
the catalytic rates and thermodynamic constraints between rate parameters. As a result, this
framework enables exploration of the feasible kinetic space of models following a particular re-
action mechanism, displaying a given reference flux under a specific thermodynamic condi-
tion. Exploration of the kinetic space in this way provided the necessary tools for evaluating the
impact of thermodynamics on enzyme kinetics, as well as the consequences of particular regu-
latory features on the kinetic behaviour.

Uniform sampling of the kinetic space of reactions enabled inspection of energetic contribu-
tions for different reaction molecularities. To that end, a simple relation between conversion
terms (catalytic constants) and saturation terms (dissociation constants) was derived. As ex-
pected, higher molecularities increase the relative importance of the saturation term on average
compared to the conversion term. The latter suggest that higher impacts on the catalysis of
multi-substrate enzymes would be expected by modifying its ligand binding and releasing
properties rather than the conversion rate of substrates into products. In fact, most common
approaches for multi-substrate enzyme engineering involve modifying substrate specificity and
selectivity [66], although the success of these strategies will ultimately depend on the particular
reaction mechanism and enzyme. Notably, our approach could be employed to sample the rate
constants of a particular reaction and determine the flux control coefficient distributions of
each step in the mechanism [67]. The latter would provide a broader picture of the pattern reg-
ulation, enabling the identification of rate-limiting steps whose modification would most likely
improve desired kinetic properties.

This framework was also useful for revealing the impact of the thermodynamic reference
state on enzyme kinetics. It has been shown that the reaction elasticities strongly depend on
this variable. Our analysis distinguished three elasticity regions as a function of the thermody-
namic affinity independent of the bimolecular mechanism analysed: a linear sensitivity region
with a steep slope (0> ΔGr>-2 kJ/mol), a transition region (-2> ΔGr>-20 kJ/mol) and a con-
stant sensitivity region (ΔGr<-20 kJ/mol). Notably, substrate and product elasticities reached
their highest absolute values close to equilibrium, which agrees with the tendency of substrate
elasticities to approach infinity at equilibrium [2]. This framework also enabled analysis far
from equilibrium. In all reaction mechanism tested, both substrate and product elasticities
reached a plateau, reflecting the saturation state of the enzyme. In terms of the reaction mecha-
nisms, all of them displayed elasticities across the thermodynamic reference states, although a
particular behaviour could be distinguished for the randommechanism. The latter suggests
that knowledge of the thermodynamic state can be more valuable than exact determination of
the reaction mechanism at least for non-random reaction mechanisms.

Exploration of complex kinetic behaviours can also be achieved by employing this frame-
work. To illustrate this, we sampled the kinetic behaviours of the mammalian glucokinase and
the phosphoenolpyruvate carboxylase of E. coli. In the case of the mammalian glucokinase, we
were able to model its positive cooperativity for glucose by employing the mechanistic mne-
monic model. Random sampling of the kinetic behaviour for this enzyme showed that the ex-
perimental Hill coefficient for this enzyme lies surprisingly fairly close to the average Hill
coefficient sampled, highlighting the importance of the architecture of its reaction mechanism.
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Moreover, detailed analysis of the rate constants for the transition from the low- to the high-
affinity state confirmed that positive cooperativity for glucose is the result of a slow transition
between these two states. In particular, application of our framework to other monomeric pro-
teins exhibiting allosteric behaviours, e.g. thrombin, myoglobin [68,69], might be a valuable
tool to better understand the mechanisms underpinning their kinetics. In the case of PEPC, ex-
ploration of the kinetic space provided valuable information related to its regulation. Not only
were we able to describe the complex co-activation behaviour of this enzyme by FBP and ace-
tyl-CoA, but also to determine the overall impact of this co-activation on its cooperativity for
PEP. Furthermore, our strategy offered insights into the ultrasensitive regulation of PEPC
upon binding of FBP and acetyl-CoA. As in the case of mammalian glucokinase, our results
emphasises the importance of using mechanistic/phenomenological models for describing and
interpreting kinetic behaviours.

We have shown a diverse set of examples illustrating the capabilities of this framework;
however our approach holds a vast number of possible further applications. The sampling of
enzymatic reactions within metabolic pathways seems particularly promising. The difficulty of
parameterizing metabolic pathways is widely recognised with the main difficulty being the
large number of parameters and the relative few data available. Rather than grossly simplifying
kinetics to enable fitting, this work suggests that it is possible to build feasible, accurate kinetic
parameterizations with limited data by integrating phenomenological models with efficient
sampling techniques. In particular, we believe that experimentalists could greatly benefit from
this framework in those cases where the fitting is difficult or requires large amounts of data. It
will be therefore our next step to deploy GRASP as a software package to assist in such compli-
cated tasks.
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