Supplement: An Illustrative example of modal decomposition for a toy network.

Consider a simple ‘toy’ group of reactions given by,
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Ascribing equilibrium constants to the reactions and forward rate constants, the mass action rate

expressions immediately follow.
{ | Eipui 19kerium constants Forwand rate oonstants Bate equations

w1 | 10U 1.3 U Zoxd - .Uz
Vi |2 100000 100000x2 - 500003
w3 | 100 0.3 0.06x3 - 0.005x2

Having defined the stoichiometric matrix and the rate equations, a particular steady state can be
solved for. In this example we set the concentration of x3 to 0.5 mM, thereby fixing the network
at a particular steady state given by,
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Defining the deviation variables as X’ = X — Xy, With X referring to a steady state vector. After
linearizing around a steady state,

dx'
—=Jx'
dt
in which J is the Jacobian. For the above toy system this equation,
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Applying a similarity transformation to J and calculating the modal matrix (see equations 2 and 3
in the main text) results in,
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6. 66667« 1075 | 1. 73334 10-5 0.5 -2 108 7. 16668 107 —7.16668x 10-8
3.00514 1. 0.001010% 0.00101062 -0.005151a]1 0.25379 -0.025375
\ 5.46163 1. -0.182e52 -0.182652 0.0223573 -0.434544 0.0434544

in which the time scales are the negative reciprocals of the eigenvalues. Note that since the rank
of the Jacobian is only 3, there are only 3 modes in this system. From the time scales, one can
see that these reactions span about 7 orders of magnitude.

In order to explicitly see visualize the modes, we can plot the relaxation of this systems in
response to a perturbation (through integration of equation 4 in the main text).
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Mode 1 is plotted separately from Modes 2 and 3 because their dynamic responses take place on
significantly different time scales. Full relaxation of Mode 1 takes place on the order of
milliseconds, whereas full relaxation of Modes 2 and 3 take place on the order of hours.

Due to the small number of variables and simplicity of this example, the pooling structure can be
immediately identified in this example. x2 and x3 immediately equilibrate and move together



across all of the time scales. yl and y2 pool together after the first time scale, finally to be joined

by x1 and x4. The corresponding pooling plot can be seen,
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