
Tehnial details of the identity/attribute modelPietro Berkes, Rihard E. Turner, and Maneesh Sahani1 NotationIndies p, i and q, j refer to identities and attributes and run over the interval 1, . . . , dband 1, . . . , da , respetively. Indies k and l refer to input dimensions and run over
1, . . . , dy. Capital letters stand for the set of all variables with the orrespondinglowerase letter (e.g., B = b1:T,1:dc

). For simpliity, we will omit hyperparametersfrom probability distributions and indiate random variables only. We de�ne Θ tobe the set of all parameters.2 Generative modelThe onditional dependenies in the model are de�ned by the direted graph inFigure 1.2.1 Observations model
P (Y |B, A,Θ) =

∏

t

P (yt|bt,at, W, ρ) (1)
=
∏

t

Nyt

(

∑

p

Wp at,p bt,p,Σy

)

, (2)where Σy = diag (ρ−1
k

) and
P (ρk|d, e) = Gammaρk

(d, e) =
ed

Γ(d)
ρd−1

k exp(−eρk) (3)
P (wkpq|γpq) = Nwkpq

(

0, γ−1
pq

)

. (4)2.2 Identity variables model
P (B|T) =

∏

p

(

P (b1,p)
∏

t>1

P (bt,p|bt−1,p,T)

) (5)
P (b1,p = 1) = π0 (6)
P (bt,p = α|bt−1,p = β) = Tβ,α (7)
P (T) =

1
∏

β=0

Dirihlet ({Tβ,0, Tβ,1} |u
(T )
β

) (8)
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Figure 1: Direted graphial model representing the distribution of a single videoframe. Cirles represent random variables, and retangles represent hyperparame-ters; the grey-�lled irle represents the observed image; greyed symbols representvariables assoiated with neighbouring frames. The dashed box indiates that thevariables within are repliated T times (the length of an input sequene) in theomplete model.2.3 Attributes variables model
P (A|Λ) =

∏

p

(

P (a1,p)
∏

t>1

P (at,p|at−1,p,Λp)

) (9)
P (a1,p) = Na1,p

(

0, σ2
a

) (10)
P (at,pq|at−1,pq, λpq) = Nat,pq

(

λpq at−1,pq, 1 − λ2
pq

) (11)The prior over the dynamis parameters Λ is onjugate, but it has an unonventionalform, beause the mean and the standard deviation of at,pq are oupled. However, itis still in the exponential family.
P (Λ) =

∏

p,q

P (λpq) (12)
P (λpq) =

1

Z
exp

(

−ηpq log(1 − λ2
pq) + Φ(λpq)

Tu(λ)
pq

)

, (13)2



where,
u(λ)

pq := (fpq, gpq, hpq) (14)
Φ(λ) :=

(

(1 − λ2)−1, λ(1 − λ2)−1, λ2(1 − λ2)−1
)T (15)are the hyperparameters and the su�ient statistis, respetively.3 Variational approximationIn addition to the approximation required by VBEM between parameters and latentvariables, another fatorization is introdued to make the posterior tratable. Thisis between di�erent identity variables at di�erent times. Moreover, we fatorize thedistributions over the weights and the input noise to learn independently the signaland noise distribution. All other fatorizations arise naturally.

Q(A, B, W,T,Λ, ρ) (16)
= Q(A, B)Q(W,T,Λ, ρ) (17)
=
∏

t

∏

p

Qt,p(bt,p,at,p)
∏

pq

Q(wpq)Q(T)Q(Λ)Q(ρ) . (18)An alternative fatorization of the latent variables ould be between identity andattribute variables, keeping the temporal orrelations intat:
Q(A, B) =

∏

p

Q(b1:T,p)Q(a1:T,p) . (19)The distributions of b1:T,a and a1:T,a an then be inferred using the forward-bakwardalgorithm and Kalman smoothing, respetively. This approximation leads to smootherinferred signals. However, it is unlear whih approximation is to be preferred forlearning, or whether it is possible to ombine the two approximations to obtain amore aurate estimation of the joint distribution. We experimented with initializingthe distribution for the seond approximation using the result of the �rst, obtainingenouraging results. For extensive runs, however, we used the �rst approximationalone beause the omputations are muh faster.4 VBE-Step
Q(A, B) =

∏

t

∏

p

Qt,p(bt,p,at,p) (20)From the VBEM theory [1℄ we know that the optimal approximation to the real3



posterior is given by
Qt,p(bt,p,at,p) ∝ exp

〈

log P (Y, B, A|Θ)
〉

Q(Θ)Qs,q 6=t,p

(21)
= exp

[

〈

log
∏

p

P (b1,p)
∏

t>1

P (bt,p|bt−1,p,T)
〉

Q(T)Qs,q 6=t,p

] (22)
· exp

[

〈

log
∏

p

P (a1,p)
∏

t>1

P (at,p|at−1,p,Λp)
〉

Q(Λp)Qs,q 6=t,p

]

· exp

[

〈

log
∏

t

P (yt|bt,at, W, ρ)
〉

Q(W )Q(ρ)Qs,q 6=t,p

]

∝ Q1
t,p(B) Q2

t,p(A) Q3
t,p(B, A) (23)Consider the �rst two terms, Q1

t,p(B) and Q2
t,p(A). For 1 < t < T ,

Q1
t,p(bt,p) =

1

Z1
exp

[

∑

bt−1,p

Qt−1,p(bt−1,p)
〈

log Tbt−1,p,bt,p

〉

+
∑

bt+1,p

Qt+1,p(bt+1,p)
〈

log Tbt,p,bt+1,p

〉

]

. (24)For t = 1

Q1
1,p(b1,p) =

1

Z1
exp

[

log P (b1,p) +
∑

b2,p

Q2,p(b2,p)
〈

log Tb1,p,b2,p

〉

]

, (25)and for t = T

Q1
T,p(bT,p) =

1

Z1
exp

[

∑

bT−1,p

QT−1,p(bT−1,p)
〈

log TbT−1,p,bT,p

〉

]

. (26)It is important to normalize this distribution (i.e., to ompute 1
Z1 ), as we are goingto see later.For the seond term we get

Q2
t,p(at,p) = Nat,p

(

µ
2
t,p,Σ

2
t,p

)

, (27)where for 1 < t < T

Σ2
t,p

−1
=
〈

Σ−1
p

〉

+
〈

ΛT
p Σ−1

p Λp

〉 (28)
µ

2
t,p

T
Σ2

t,p
−1

= 〈at−1,p〉
T
〈

ΛT
p Σ−1

p

〉

+ 〈at+1,p〉
T
〈

Σ−1
p ΛT

p

〉

, (29)and Λp = diag (λpq) and Σp = I − Λ2
p. For t = 1 we have

Σ2
1p

−1
=

1

σ2
a

I +
〈

ΛT
p Σ−1

p Λp

〉 (30)
µ

2
1p

T
Σ2

1p
−1

= 〈a2p〉
T
〈

Σ−1
p ΛT

p

〉

, (31)4



and for t = T

Σ2
T,p

−1
=
〈

Σ−1
p

〉 (32)
µ

2
T,p

T
Σ2

Tp
−1

= 〈aT−1,p〉
T
〈

ΛT
p Σ−1

p

〉

. (33)Putting everything together we obtain
Qt,p(bt,p,at,p) =

1

Z
Q1

t,p(bt,p)Q
2
t,p(at,p)

· exp
〈

−
dy

2
log 2π −

1

2

∑

k

log ρ−1
k

−
1

2

(

yt −
∑

i

Wiat,ibt,i

)T
Σ−1

y

(

yt −
∑

i

Wiat,ibt,i

)

〉

. (34)For bt,p = 0

Qt,p(bt,p = 0,at,p) =
1

Z
Q1

t,p(bt,p = 0)Q2
t,p(at,p)

· exp
〈

−
dy

2
log 2π −

1

2

∑

k

log ρ−1
k

−
1

2

(

yt −
∑

i6=p

Wiat,ibt,i

)T
Σ−1

y

(

yt −
∑

i6=p

Wiat,ibt,i

)

〉 (35)
=:

1

Z
Q1

t,p(bt,p = 0)Q2
t,p(at,p) · C . (36)Sine the last term in Eq. 35 does not depend on bt,p or at,p, we abbreviated it as aonstant C. For bt,p = 1 we get the same expression, plus an additional term

Qt,p(bt,p = 1,at,p) =
1

Z
C · Q1

t,p(bt,p = 1)Q2
t,p(at,p)

· exp

{

−
1

2

[

− 2
(

yt −
∑

i6=p

〈Wi〉 〈at,ibt,i〉
)T
〈

Σ−1
y

〉

〈Wp〉at,p

+ at,p
T
〈

Wp
TΣ−1

y Wp

〉

at,p

]

}

. (37)Expanding Q2
t,p(at,p) as in Eq. 27 and olleting the terms that ontain at,p

Qt,p(bt,p = 1,at,p) =
1

Z
CC ′ · Q1

t,p(bt,p = 1) Nat,p

(

µt,p,Σt,p

) (38)where
Σ−1

t,p = Σ2
t,p

−1
+
〈

Wp
TΣ−1

y Wp

〉 (39)
µ

T
t,pΣ

−1
t,p = µ

2
t,p

T
Σ2

t,p
−1

+
(

yt −
∑

i6=p

〈Wi〉 〈at,ibt,i〉
)T
〈

Σ−1
y

〉

〈Wp〉 (40)
C ′ = exp

[

−
1

2
log |Σ2

t,p| +
1

2
log |Σt,p|

−
1

2
µ

2
t,p

T
Σ2

t,p
−1

µ
2
t,p +

1

2
µ

T
t,pΣ

−1
t,p µt,p

] (41)5



We an obtain the normalization onstant using the identity
1 =

∫

Qt,p(bt,p = 0,at,p) dat,p +

∫

Qt,p(bt,p = 1,at,p) dat,p (42)
=

1

Z
C · Q1

t,p(bt,p = 0)

∫

Q2
t,p(at,p) dat,p

+
1

Z
CC ′ · Q1

t,p(bt,p = 1)

∫

Nat,p

(

µt,p,Σt,p

) dat,p (43)
=

1

Z
C ·
(

Q1
t,p(bt,p = 0) + C ′ Q1

t,p(bt,p = 1)
)

, (44)and thus
1

Z
C =

(

Q1
t,p(bt,p = 0) + C ′ Q1

t,p(bt,p = 1)
)−1

. (45)Notie that C and C ′ depend on t and p, although the indies have been dropped toavoid lutter.The distribution Q(B, A) an thus be obtained by �rst omputing and normal-izing Q1
t,p(bt,p) (Eq. 24�26); omputing µ

2
t,p and Σ2

t,p (Eq. 28�33); omputing µt,p,
Σt,p, and C ′ (Eq. 39�41); omputing the normalization onstant (Eq. 45); and �nallyomputing the su�ient statistis as follows:

Qt,p(bt,p = 1) =
1

Z
CC ′ Q1

t,p(bt,p = 1) (46)
〈at,p〉Qt,p

= Qt,p(bt,p = 1)µt,p + Qt,p(bt,p = 0)µ
2
t,p (47)

〈at,pbt,p〉Qt,p
= Qt,p(bt,p = 1)µt,p (48)

〈

(bt,pat,p)(bt,pat,p)
T
〉

Qt,p
=
(

Σt,p + µt,pµ
T
t,p

)

Qt,p(bt,p = 1) (49)
i 6= p :

〈

at,i at,p
T
〉

Qt,iQt,p
= 〈at,i〉Qt,i

〈at,p〉
T
Qt,p

(50)
〈

at,i at,i
T
〉

Qt,i
= Qt,p(bt,p = 0)

(

Σ2
t,p + µ

2
t,pµ

2
t,p

T )

+ Qt,p(bt,p = 1)
(

Σt,p + µt,pµ
T
t,p

)

. (51)5 VBM-StepIn the VBM-Step, funtional maximization of the free energy for parameters Θ gives
Q(Θ) =

1

Z
P (Θ) exp

〈

log P (Y, B, A|Θ)
〉

Q(B,A)
. (52)5.1 Transition matrix TWe start with the distribution of the transition matrix T

Q(T) =
1

Z
P (T) · exp

〈

log
∏

i

(

P (b1,i)
∏

t>1

P (bt,i|bt−1,i,T)
)

〉 (53)
=

1

Z

1
∏

m=0

Dirihlet({Tm0, Tm1}|u
(T )
m ) · exp

〈

∑

i

∑

t>1

log Tbt−1,i,bt,i

〉

, (54)6



and sine
〈

log Tbt−1,i,bt,i

〉

Q(B,A)
=

1
∑

m,n=0

〈

δ(bt−1,i = m)
〉〈

δ(bt,i = n)
〉

log Tmn (55)
=

1
∑

m,n=0

Q(bt−1,i = m)Q(bt,i = n) log Tmn (56)we obtain
Q(T) =

1

Z

1
∏

m=0

1Beta(u(T )
m )

1
∏

n=0

T

[

u
(T )
mn−1+

P

i

P

t>1 Q(bt−1,i=m)Q(bt,i=n)
]

mn . (57)Comparing Eq. 57 with the prior Dirihlet distribution over T, we see that the ap-proximate posterior is also Dirihlet with parameters
Q(T) =

1
∏

m=0

Dirihlet(({Tm0, Tm1} | ũ
(T )
m

) (58)
ũ(T )

mn = u(T )
mn +

∑

i

∑

t>1

Q(bt−1,i = m)Q(bt,i = n) . (59)5.2 Attributes dynamis Λ

Q(λpq) =
1

Z
P (λpq) exp

〈

∑

t>1

log P (at,p|at−1,p,Λp)
〉

Q(B,A)
(60)

=
1

Z
P (λpq) exp

∑

t>1

(

−
1

2
log(1 − λ2

pq) −
1

2(1 − λ2
pq)

〈

(at,pq − λpqat−1,pq)
2
〉

)(61)
=

1

Z
exp

[

−ηab log(1 − λ2
pq) +

1

1 − λ2
pq

(fpq + λpqgpq + λ2
pqhpq)

]

exp

[

−
T − 1

2
log(1 − λ2

pq)

−
1

1 − λ2
pq

(

1

2

∑

t>1

〈

a2
t,pq

〉

− λpq

∑

t>1

〈at−1,pq〉 〈at,pq〉 +
1

2

∑

t>1

λ2
pq

〈

a2
t−1,pq

〉

)

]

.(62)The approximate posterior has the same funtional form as the prior, with parameters
η̃pq = ηpq +

T − 1

2
(63)

f̃pq = fpq −
1

2

∑

t>1

〈

a2
t,pq

〉 (64)
g̃pq = gpq +

∑

t>1

〈at−1,pq〉 〈at,pq〉 (65)
h̃pq = hpq −

1

2

∑

t>1

〈

a2
t−1,pq

〉

. (66)7



5.3 Basis vetors and preision of observation noise W, ρk

Q(wkpq) =
1

Z
P (wkpq) exp

[

∑

t

(

−
1

2

∑

l

〈

log 2πρ−1
l

〉

−
1

2

∑

l

〈ρl〉
〈

(ytl −
∑

ij

wlijat,ijbt,i)
2
〉)

]

. (67)In the following, we will write xt,ij for the produt at,ijbt,i. Eliminating all termsthat do not ontain wkpq, the exponent beomes
−

T

2

〈

log 2πρ−1
k

〉

−
1

2
〈ρk〉

∑

t

(

2
∑

ij 6=pq

〈xt,ijxt,pq〉 〈wkij〉wkpq

+
〈

x2
t,pq

〉

w2
t,pq − 2ytk 〈xt,pq〉wkpq

) (68)
= −

T

2

〈

log 2πρ−1
k

〉

−
1

2

[

〈ρk〉
(

2
∑

ij 6=pq

∑

t

〈xt,ijxt,pq〉 〈wkij〉 − 2
∑

t

ytk 〈xt,pq〉
)

wkpq

+ 〈ρk〉
∑

t

〈

x2
t,pq

〉

w2
kpq

]

. (69)De�ning Rijpq :=
∑

t 〈xt,ijxt,pq〉 and rkpq :=
∑

t ytk 〈xt,pq〉, and beause P (wkpq) =
Nwkpq

(

0, γ−1
pq

), the posterior redues to a normal distribution
Q(wkpq) = Nwkpq

(

µ
(w)
kpq, σ

(w)
kpq

2
) (70)

σ
(w)
kpq

2
= (γpq + 〈ρk〉Rpqpq)

−1 (71)
µ

(w)
kpq = σ

(w)
kpq

2
〈ρk〉



rkpq −
∑

ij 6=pq

Rijpq 〈wkij〉



 . (72)As for the distribution of the preision of the observations,
Q(ρk) =

1

Z
P (ρk) exp

〈

∑

t

(

−
1

2

∑

l

log 2πρ−1
l −

1

2

∑

l

ρl(ytl −
∑

ij

wlijxt,ij)
2)
)

〉(73)
=

1

Z
exp

[

(dk − 1) log ρk − ek ρk

+
T

2
log ρk −

1

2
ρk

(

∑

t

y2
tk − 2

∑

ij

〈wkij〉
∑

t

ytk 〈xt,ij〉

+
∑

ijmn

〈wkijwkmn〉
∑

t

〈xt,ijxtmn〉
)

]

. (74)The term in red expands as
∑

ijmn

µ
(w)
kij µ

(w)
kmnRijmn +

∑

ij

ρ−1
k (γij + Rijij)

−1Rijij . (75)8



When this expression is multiplied by ρk, the seond term does not depend on ρkand an be disarded. The posterior is thus a Gamma distribution with parameters
Q(ρk) = Gamma(d′k, e′k) (76)

d′k = dk +
T

2
(77)

e′k = ek +
1

2

(

∑

t

y2
tk − 2

∑

ij

µ
(w)
kij rkij +

∑

ijmn

µ
(w)
kij µ

(w)
kmnRijmn

)

. (78)6 Learning the ARD preision parameterAfter an initial learning phase, we start learning the preision hyperparameter γpqby maximizing the free energy,
∂

∂γpq
F(γ, Q(W ), Q(ρ), Q(Λ), Q(T), Q(B, A)) =

∂

∂γpq
〈log P (W)〉Q(W) (79)

=
∂

∂γpq

(dy

2
log γpq −

1

2

∑

k

γpq

〈

w2
kpq

〉

) (80)
=

dy

2
γ−1

pq −
1

2

∑

k

〈

w2
kpq

〉

. (81)Setting the derivative to zero we obtain
γ−1

pq =
1

dy

∑

k

〈

w2
kpq

〉 (82)
=

1

dy

∑

k

(

µ
(w)
kij

2
+ σ

(w)
kpq

2
)

. (83)7 Free energy
F(Q(W ), Q(ρ), Q(Λ), Q(T), Q(B, A), Θ) (84)
=

〈

log
P (Y, B, A, W,ρ,T,Λ|Θ)

Q(B, A)Q(W )Q(ρ)Q(Λ)Q(T)

〉

Q(B,A)Q(W )Q(ρ)Q(Λ)Q(T)

(85)
= −

〈

log Q(B, A)
〉

Q(B,A)

−
〈

log Q(W )
〉

Q(W )
−
〈

log Q(ρ)
〉

Q(ρ)

−
〈

log Q(T)
〉

Q(T)
−
〈

log Q(Λ)
〉

Q(Λ)

+
〈

log(P (B|T)
〉

Q(B,A)Q(T)
+
〈

log(P (A|Λ)
〉

Q(B,A)Q(Λ)

+
〈

log P (W )
〉

Q(W )
+
〈

log P (ρ)
〉

Q(ρ)

+
〈

log P (T)
〉

Q(T)
+
〈

log P (Λ)
〉

Q(Λ)

+
〈

log P (Y |B, A, W,ρ)
〉

Q(C,S)Q(W,ρ)
. (86)The individual terms: 9



〈

log Q(B, A)
〉

Q(B,A)
(87)

=
∑

p,t

〈

log Q(bt,p,at,p)
〉

Q(bt,p,at,p)
(88)

=
∑

p,t

[ ∫ dat,p Q(bt,p = 1,at,p) log Q(bt,p = 1,at,p)

+

∫ dat,p Q(bt,p = 0,at,p) log Q(bt,p = 0,at,p)

] (89)Sine
Q(bt,p = 1,at,p) = Q(bt,p = 1)Nat,p

(

µt,p,Σt,p

) (90)
Q(bt,p = 0,at,p) = Q(bt,p = 0)Nat,p

(

µ
2
t,p,Σ

2
t,p

) (91)we get
〈

log Q(B, A)
〉

Q(B,A)
(92)

=
∑

p,t

[

Q(bt,p = 1)
[

log Q(bt,p = 1) −H (Nat,p

(

µt,p,Σt,p

))

]

+ Q(bt,p = 0)
[

log Q(bt,p = 0) −H (Nat,p

(

µ
2
t,p,Σ

2
t,p

))

]

] (93)
=
∑

p,t

[

Q(bt,p = 1)
[

log Q(bt,p = 1) −
1

2
log |2πΣt,p| −

da

2

]

+ Q(bt,p = 0)
[

log Q(bt,p = 0) −
1

2
log |2πΣ2

t,p| −
da

2

]

] (94)
〈

log Q(W )
〉

Q(W )
=
∑

pq

〈

log Q(wpq)
〉

Q(wpq)
(95)

=
∑

pq

(

−
dy

2
−

dy

2
log(2πσ2

kpq)

) (96)
〈

log Q(T)
〉

Q(T)
=

1
∑

n=0

〈

log Q(Tn:)
〉

Q(Tn:)
(97)

=
1
∑

n=0

[

− logBeta(ũ(T )
n ) + (ũ

(T )
n0 − 1) 〈log Tn0〉 + (ũ

(T )
n1 − 1) 〈log Tn1〉

](98)10



〈

log Q(Λ)
〉

Q(Λ)
=
∑

pq

〈

log Q(λpq)
〉 (99)

=
∑

pq

[

− log Z̃pq − η̃pq

〈

log(1 − λ2
pq)
〉

+ f̃pq

〈

(1 − λ2
pq)

−1
〉

+ g̃pq

〈

λpq(1 − λ2
pq)

−1
〉

+ h̃pq

〈

λ2
pq(1 − λ2

pq)
−1
〉

](100)
〈

log P (B|T)
〉

=
∑

i

〈

log P (b1,i)
〉

+
∑

t>1

〈

log P (bt,i|bt−1,i,T)
〉 (101)

=
∑

i





∑

b1,i

Q(b1,i) log P (b1,i) +
∑

t>1

∑

bt,i,bt−1,i

Q(bt−1,i, bt,i)
〈

log Tbt−1,ibt,i

〉



(102)
〈

log P (A|Λ)
〉

=
∑

i

[

〈

log P (a1,i)
〉

+
∑

t>1

〈

log P (at,i|at−1,i,Λ)
〉

] (103)
=
∑

i

[

−
da

2
log 2πσ2

a −
1

2σ2
a

〈

a1,i
Ta1,i

〉

Q(b1,i,a1,i)

]

+
∑

i

∑

t>1

[

−
da

2
log 2π −

1

2

∑

j

〈

log(1 − λ2
ij)
〉

−
1

2

∑

j

(

〈

(1 − λ2
ij)

−1
〉〈

a2
t,ij

〉

− 2
〈

λij(1 − λ2
ij)

−1
〉〈

at,ij at−1,ij

〉

+
〈

λ2
ij(1 − λ2

ij)
−1
〉〈

a2
t−1,ij

〉

)

] (104)
〈

log P (W )
〉

Q(W )
=
∑

pq

〈

log P (wpq)
〉

Q(wpq)
(105)

=
∑

pq

(

−
dy

2
log(2πγ−1

pq ) −
1

2
γpq

〈

wpq
Twpq

〉

) (106)
〈

log P (T)
〉

Q(T)
=
∑

i

〈

log P (Ti:)
〉

Q(Ti:)
(107)

=
∑

i

[

− logBeta(u(T )
i ) + (u

(T )
i0 − 1) 〈log Ti0〉 + (u

(T )
i1 − 1) 〈log Ti1〉

](108)11



〈

log P (Λ)
〉

Q(Λ)
=
∑

ij

〈

log P (λij)
〉 (109)

=
∑

ij

[

− log Zij − ηij

〈

log(1 − λ2
ij)
〉

+ fij

〈

(1 − λ2
ij)

−1
〉

+ gij

〈

λij(1 − λ2
ij)

−1
〉

+ hij

〈

λ2
ij(1 − λ2

ij)
−1
〉

](110)
−
〈

log Q(ρ)
〉

Q(ρ)
+
〈

log P (ρ)
〉

Q(ρ)
= −KL(Q(ρ)||P (ρ)) (111)
= −

∑

k

KL(Q(ρk)||P (ρk)) (112)
= −

∑

w

[

d′k log e′k − dk log ek − log
Γ(d′k)

Γ(dk)

+ (d′k − dk)(Ψ(d′k) − log e′k) − d′k

(

1 −
ek

e′k

)]

,(113)where Ψ(·) is the Digamma funtion.
〈

log P (Y |B, A, W,ρ)
〉

Q(B,A)Q(W )Q(ρ)
(114)

=
∑

t

[

−
dy

2
log 2π +

1

2

∑

k

〈log ρk〉 −
1

2

〈

yt
TΣ−1

y yt − 2yt
TΣ−1

y

∑

i

Wiat,ibt,i

+
∑

i,p

(at,ibt,i)
TWi

TΣ−1
y Wp(at,pbt,p)

〉

] (115)
= −

Tdy

2
log 2π +

T

2

∑

k

〈log ρk〉

−
1

2

[

∑

t

yt
T
〈

Σ−1
y

〉

yt − 2
∑

t

yt
T
〈

Σ−1
y

〉

∑

i

〈Wi〉 〈at,ibt,i〉

+
∑

i,p

trae(〈Wi
TΣ−1

y Wp

〉

∑

t

〈

(at,pbt,p)
T (at,ibt,i)

〉

)

] (116)Referenes[1℄ Beal M (2003) Variational Algorithms for Approximate Bayesian Inferene. Ph.D.thesis, Gatsby Computational Neurosiene Unit, University College London.
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