
Text S1

We prove Theorem 2 which states:

Theorem 2. Let Cα be a d-copula, I := {1, . . . , d}, S ⊆ I, PU (
T

i∈S{Ui ≤ ui}) := Cα(u) a measure, and

CFα,S(u) := PU

``T

i∈S{Ui > 1 − ui}
´

∩
`T

i∈S{Ui ≤ ui}
´´

. Then CFα,S is a d-copula and can be expressed as

CFα,S(u) =
X

A⊆S

(−1)|A|Cα(κS,A(1,u), . . . , κS,A(d,u)), (1)

where S = I \ S and κS,A(i,u) =

8

>

<

>

:

1 − ui if i ∈ A,

1 if i ∈ S \A,

ui if i ∈ S.

We need a short lemma for the proof:

Lemma 3. Let (Ω,F , P ) be a probability space with A ∈ F. Then PA := P (• ∩A) is a measure on F.

Proof. Verification of the measure properties:

1. PA(∅) = P (∅ ∩ A) = P (∅) = 0.

2. For E1, E2, · · · ∈ F pairwise disjoint:

PA
 

∞
[

i=1

Ei

!

= P

  

∞
[

i=1

Ei

!

∩A

!

= P

 

∞
[

i=1

(Ei ∩A)

!

=

∞
X

i=1

P (Ei ∩A) =

∞
X

i=1

PA(Ei).

Proof of the Main Theorem. We start with Eqn 1. By definition PU is a probability mass function. LetB :=
`
T

i∈S{Ui ≤ ui}
´

.
We can apply the generalized inclusion exclusion principle for arbitrary measures [1]:

CFα,S(u) = PBU

 

\

i∈S

{Ui > 1 − ui}

!

= PBU (B) − PBU

 

\

i∈S

{Ui > 1 − ui}

!

= PBU (B) − PBU

 

[

i∈S

{Ui ≤ 1 − ui}

!

Lemma 3

Sieve= PBU (B) −

|S|
X

k=1

(−1)k−1
X

A⊆S

|A|=k

PBU

 

\

i∈A

{Ui ≤ 1 − ui}

!

=

|S|
X

k=0

(−1)k
X

A⊆S
|A|=k

PBU

 

\

i∈A

{Ui ≤ 1 − ui}

!

=
X

A⊆S

(−1)|A|PBU

 

\

i∈A

{Ui ≤ 1 − ui}

!

=
X

A⊆S

(−1)|A|PU

0

@

 

\

i∈A

{Ui ≤ 1 − ui}

!

∩

0

@

\

i∈S

{Ui ≤ ui}

1

A

1

A

=
X

A⊆S

(−1)|A|Cα(κS,A(1,u), . . . , κS,A(d,u)).

Now we will show that CFα,S is a copula. We verify the copula properties:
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1. Let u ∈ [0, 1]d with ∃a ∈ I : ua = 0. We distinguish two cases:

• For a ∈ S:

CFα,S(u) =
X

A⊆S

(−1)|A|Cα(κS,A(1,u), . . . , κS,A(a− 1,u), 0, κS,A(a+ 1,u), . . . , κS,A(d,u))

=
X

A⊆S

(−1)|A|0 = 0.

• For a ∈ S:

CFα,S(u) =
X

A⊆S\{a}

(−1)|A∪{a}|Cα(κS,A∪{a}(1,u), . . . , κS,A∪{a}(a− 1,u), 1, κS,A∪{a}(a+ 1,u), . . . ,

κS,A∪{a}(d,u)) +
X

A⊆S\{a}

(−1)|A|Cα(κS,A(1,u), . . . , κS,A(a− 1,u), 1, κS,A(a+ 1,u), . . . , κS,A(d,u))

=
X

A⊆S\{a}

(−1)|A|+1Cα(κS,A(1,u), . . . , κS,A(a− 1,u), 1, κS,A(a+ 1,u), . . . , κS,A(d,u))

+
X

A⊆S\{a}

(−1)|A|Cα(κS,A(1,u), . . . , κS,A(a− 1,u), 1, κS,A(a+ 1,u), . . . , κS,A(d,u))

= 0.

2. Let u ∈ [0, 1]d with ui = 1 if i 6= a. We distinguish the same cases:

• For a ∈ S:

CFα,S(u) = (−1)|∅|Cα(κS,∅(1,u), . . . , κS,∅(d,u)) +
X

A⊆S
A6=∅

(−1)|A|Cα(κS,A(1,u), . . . , κS,A(d,u))

(1)
= (−1)0Cα(κS,∅(1,u), . . . , κS,∅(a− 1,u), κS,∅(a,u), κS,∅(a+ 1,u), . . . , κS,∅(d,u))

(2)
= Cα( 1, . . . , 1

| {z }

a−1 times

, ua, 1, . . . , 1
| {z }

d−a times

) = ua.

(1) ∀A ⊆ S,A 6= ∅ : a ∈ S ⇒ a 6∈ A⇒ ∃i ∈ A : i 6= a, thus κS,A(i,u) = 1 − ui
i6=a
= 0. Therefore, we have:

X

A⊆S

A6=∅

(−1)|A|Cα(κS,A(1,u), . . . , κS,A(d,u))

=
X

A⊆S
A6=∅

(−1)|A|Cα(κS,A(1,u), . . . , κS,A(i− 1,u), 0, κS,A(i+ 1,u), . . . , κS,A(d,u))

=
X

A⊆S
A6=∅

(−1)|A|0 = 0.

(2) κS,∅(a,u)
a∈S
= ua; ∀i ∈ S : κS,∅(i,u) = 1; ∀i ∈ S \ {a} : κS,∅(i,u) = 1.

• For a ∈ S:

CFα,S(u) = (−1)|∅|Cα(κS,∅(1,u), . . . , κS,∅(d,u))

+(−1)|{a}|Cα(κS,{a}(1,u), . . . , κS,{a}(d,u))

+
X

A⊆S
A6=∅,A 6={a}

(−1)|A|Cα(κS,A(1,u), . . . , κS,A(d,u))

(3)
= Cα(κS,∅(1,u), . . . , κS,∅(d,u)) − Cα(κS,{a}(1,u), . . . , κS,{a}(d,u))

(4)
= Cα(1, . . . , 1

| {z }

d times

) − Cα(κS,{a}(1,u), . . . , κS,{a}(d,u))
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(5)
= 1 − Cα( 1, . . . , 1

| {z }

a−1 times

, 1 − ua, 1, . . . , 1
| {z }

d−a times

)

= 1 − (1 − ua) = ua.

(3) ∀A ⊆ S,A 6= ∅, A 6= {a} : ∃i ∈ A : i 6= a, remainder as in (1).

(4) κS,∅(a,u) = 1; ∀i ∈ S \ {a} : κS,∅(i,u) = 1; ∀i ∈ S : κS,∅(i,u) = 1.

(5) κS,{a}(a,u) = 1 − ua; ∀i ∈ S \ {a} : κS,{a}(i,u) = 1; ∀i ∈ S : κS,{a}(i,u) = ui = 1.

3. We show that CFα,S is d-increasing, i.e. ∀B = ×di=1[ui, vi] : VCF
α,S

(B) ≥ 0,

where VCF
α,S

(B) =
P2

i1=1 · · ·
P2

id=1(−1)i1+···+idCFα,S(g1,i1 , . . . , gd,id), gi,1 = ui, gi,2 = vi. In the definition of VCF
α,S

we assume that ui ≤ vi for all i ∈ I . More generally, we can define VCF
α,S

(B) =
P

z∈×d
i=1

{ui,vi}
(−1)NI(z,u,v)CFα,S(z)

where NI(z,u,v) := |{k ∈ I |zk = min{uk, vk}}|. Hence, there is no need to swap ui and vi if ui > vi for any i.
Let B = ×di=1[ui, vi]. We define ψS(zk) := χS(k)(1 − zk) + χS(k)(zk), where χ is the indicator function:

χA(i) :=

(

1 if i ∈ A,

0 if i /∈ A.

It holds:

VCF
α,S

(B) =
X

z∈×d
i=1

{ui,vi}

(−1)NI(z,u,v)
X

A⊆S

(−1)|A|Cα(κS,A(1, z), . . . , κS,A(d, z))

=
X

A⊆S

(−1)|A|
X

z∈×d
i=1

{ui,vi}

(−1)NI(z,u,v)Cα(κS,A(1, z), . . . , κS,A(d, z))

= (−1)|S|
X

z∈×d
i=1

{ui,vi}

(−1)NI(z,u,v)Cα(κS,S(1, z), . . . , κS,S(d, z))

+
X

A⊆S
A6=S

(−1)|A|
X

z∈×d
i=1

{ui,vi}

(−1)NI (z,u,v)Cα(κS,A(1, z), . . . , κS,A(d, z))

| {z }

=0, see (6)

= (−1)|S|
X

z∈×d
i=1

{ui,vi}

(−1)NI(z,u,v)Cα(χS(1)(1 − z1) + χS(1)(z1), . . . , χS(d)(1 − zd) + χS(d)(zd))

(7)
= (−1)|S|

X

z∈×d
i=1

{ui,vi}

(−1)NI(ψS(z),ψS(u),ψS(v))(−1)|S|Cα(ψS(z))

(8)
=

X

z∈×d
i=1

{ψS(ui),ψS(vi)}

(−1)NI(z,u,v)Cα(z) = VCα(ψS(B)).

(6) For S = ∅ we have CFα,S = Cα. Therefore, suppose S 6= ∅. For A ⊆ S,A 6= S there is a sA ∈ S \ A with
κS,A(sA, z) = 1. Hence:

X

A⊆S
A6=S

(−1)|A|
X

z∈×d
i=1

{ui,vi}

(−1)NI (z,u,v)Cα(κS,A(1, z), . . . , κS,A(d, z))

=
X

A⊆S
A6=S

(−1)|A|

0

B

B

@

X

z∈×d
i=1

{ui,vi}
zsA

=usA

(−1)NI(z,u,v)Cα(. . . ) +
X

z∈×d
i=1

{ui,vi}
zsA

=vsA

(−1)NI(z,u,v)Cα(. . . )

1

C

C

A

=
X

A⊆S
A6=S

(−1)|A|

0

B

B

@

X

z∈×d
i=1

{ui,vi}
zsA

=usA

“

(−1)NI(z,u,v)Cα(. . . ) + (−1)NI (z,u,v)−1Cα(. . . )
”

1

C

C

A
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=
X

A⊆S
A6=S

(−1)|A|
X

z∈×d
i=1

{ui,vi}
zsA

=usA

0 = 0.

(7) We show (−1)NI(ψS(z),ψS(u),ψS(v)) = (−1)NI(z,u,v)(−1)|S|. Let k := |{z(i) = u(i)|i ∈ I \ S}| and l := |{z(i) =
v(i)|i ∈ S}|. Then NI(z,u,v) = k + |S| − l and NI(ψS(z), ψS(u), ψS(v)) = k + l.

(−1)NI(z,u,v)(−1)|S| = (−1)k+2|S|−l = (−1)k−l = (−1)k+l = (−1)NI(ψS(z),ψS(u),ψS(v)),

where we used that (−1)2|S| = (−1)|S|(−1)|S| = (−1)|S|/(−1)|S| = 1 and (−1)−l = (−1)l.

(8) ψS : [0, 1]d → [0, 1]d is bijective.

Cα is d-increasing since it is a copula. Thus, VCF
α,S

(B) = VCα (φS(B)) ≥ 0. This completes the proof.
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