Text S1

We prove Theorem 2 which states:

Theorem 2. Let Co be a d-copula, I:={1,...,d}, S CI, Pu((N;cs{lUi < ui}) := Calu) a measure, and
Cls(u) == Pu (Mics{U: > 1= wi}) N (M;e5{U: < wi})). Then CL g is a d-copula and can be expressed as

Chs(u)=> (-1)Cu(ks,a(l,u), ... ks a(d,u)), (1)

ACS

1—wu ifi e A,
where S =T\ S and ks a(i,u) =11 ifie S\ A,
Us; ifi e S.
We need a short lemma for the proof:

Lemma 3. Let (Q,F, P) be a probability space with A € F. Then P* := P(eN A) is a measure on F.

Proof. Verification of the measure properties:
1. PA0) = P(0 N A) = P(D) = 0.
2. For E1, Es,--- € F pairwise disjoint:

pA <DE> =P ((GE) ﬂA) =P (G (EmA)> :iP(EiﬂA) :iPA(Ei).

O

Proof of the Main Theorem. We start with Eqn 1. By definition Py is a probability mass function. Let B := (ﬂiEE{Ui < ul})
We can apply the generalized inclusion exclusion principle for arbitrary measures [1]:

Ca.s(u) Pg <ﬂ{Ui >1 m) = P3(B) - P <ﬂ{U¢ > 1 m)

i€S €S

i€S

= P} (B) - Pf <U{Ui<1—ui}>
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= Z(—l)‘A‘PU <ﬂ{U1 <1—ui}> N m{UZ Suz}
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— S (=)o (ks,a(1 ), ... ks a(d, w).
ACS

Now we will show that Cf’ s is a copula. We verify the copula properties:



1. Let w € [0,1)* with 3a € I : uq = 0. We distinguish two cases:

e ForacS:
Cls(u) = Z (—D)MCo (ks a(l,w), ... ksala—1,u),0,ks4(a+1,u),..., ks .4(dn))
ACS
= > (-n*o=o.
ACS
e Forac S:
Cislw) = Y (—D)M Oy (15, 401ay (Lw), - - s, a0gay (@ — Lu), 1, s avgay (@ + 1,u), .
ACS\{a}
Ks,Au{a}(d,u)) + Z ‘ ‘C (ks,a(L,u),...,ks,4(a—1,u),1,ksa(a+ 1,u),...,Kks,4(d, u))
ACS\{a}
= > ()" Culrsa(lu),. . ksala—1u), 1 ks ala+ Lu),. .. ks a(d, u))
ACS\{a}
+ Z D CL(ks,a(l,u), ... ksa(a—1,u),1,ks,4(a+1,u),..., ks 4(dw))
ACS\{a}
= 0.

2. Let u € [0,1]% with u; = 1 if i # a. We distinguish the same cases:

e Forae S:
Chls) = (-1)"Caltso(Lu),... 5s0(dw)+ > (~)Calisa(l,u),... 55 4(d,w))
ACS
AZQ

(1)
2 (-1)°Calrso(lu), ... ws0(a—1,u),kso(a,u), ks pla+1u),..., Ks0(d )
2 (1, e, 1, 1) = .

a—1 times d—a times
(1) VACS,A#0:acS=ag¢gA=>TicA:i+#a,thus ksa(i,u) =1—u; =) Therefore, we have:

S ()M Cu(rs,a(1 ), ..., Ks,a(dw))

ACS

AZ0

= E ‘ ‘C HS,A(L’U.),.H,KS,A(Z'—1711.)707%5,,4(2'-}—1,u)7444,f-€s,,4(d,u))

ACS
AZ0

=Y (o =o.

ACS
AZ0
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(2) kgp(a,u) Ua; Vi€ S:kgg(i,u)=1; VieS\{a}:rgg(i,u)=1.

e Forac S:

Cf s(u) (—1)"'Calkso(1,u),. .., ks0(d,u))
(=) Co (ks 10y (1, ), - . ., K ) (dy )
+ Y ()"Ca(ksa(l,u), ... ks.a(d,w))
ACS
A#0,A#{a}
2 Culrso(l,u), ..., rks0(dw) = Calks oy (1,0), ..., £ {0y (d, u))
= Ca(l, ey 1) — Ca(lﬁis’{a}(l,u), .. .,/isy{a}(d, u))
N— —

d times



(5)

2 1—-Cu(1,...,1,1 —ua, 1,...,1)
N—— N——
a—1 times d—a times

1—(1—uq) = Ua.

(3) VACS,A#£0,A+#{a}:3i€ A:i+# a, remainder as in (1).
4) ksgla,u)=1; VieS\{a}:ksp(i,u)=1; Vi€ S:kgp(i,u)=1.

(5) ksqar(a,u) =1—ua; Vi€ S\{a}:ksa(i,u)=1; Vi€ S:kga(i,u)=u =1
3. We show that Cf g is d-increasing, i.e. VB = x{_;[u;,v;] : VCFS(B) >0,
where ch,s(B) = 251:1 e Z?d:1(*1)i1+"'+idcg’s(gl,il, .oy 9diy), 91 = Ui, gi,2 = v;. In the definition of ch,s
we assume that u; < v; for all ¢ € I. More generally, we can define ch,s(B) = Zzexgﬂ{ul_’vi}(fl)NI(z’“’”)C’f’S(z)
where Ny(z,u,v) := |{k € I|zi = min{ug, v }}|. Hence, there is no need to swap u; and v; if u; > v; for any 4.
Let B = x®;[us, v:]. We define 1s(z;) := xs(k)(1 — zx) + xz(k)(2x), where x is the indicator function:

. 1 ifie A,
xa(i) = {

0 ifq ¢ A.
It holds:
Ver (B) = S ()N EEI N ) Ca (5,41, 2), - . hs,4(d, 7))
zexle{ui,vi} ACS
= Z(_l)‘A‘ Z (_1)N1(z’u’v)Ca(HS,A(17z)7‘"7KS7A(d7z))
ACS zexle{ui,vi}

= (-n¥ > ()N (kss(1,2), . Ks,s(d, 2))
zexgzl{ui,vi}

+ > (- S ()N (ks Al 2), . s ald, 2))

ACS d . .
Acs zexd_ {us,vi}

=0, see (6)
Dt 3 ()N EEICL (xs (D)1 — 21) + x5 (1) (21), -5 xs (@) (1 — 2a) + x5(d)(2a))
zexd {u;,v;}
™ (_1)\5\ Z (_1)N1(ws(z),ws(u),ws(v))(_1)\S\CQ(¢S(z))
zexd {u;,v;}
2 > (~)NEEDC (2) = Voo (15(B)).
zexi_i{vs(ui),s(vi)}

(6) For S = () we have C’is = C4. Therefore, suppose S # . For A C S, A # S there is a s4 € S\ A with
ks,4(sa,2z) = 1. Hence:

> (= S (F)NMEUCG(ksa(L 2), - ks,a(d, 2))

ACS d . v
AZ3 zeX§_ {uivi}

=y (-p S (=pNEEIC )+ YD (F)MERYC(L)

ﬁgg zexd | {u;,v;} zexd_ {u;,v;}
# Zs A TUs 4 ZspATUsp

= > (=) S ((FDNMEEIC (L) ()N

acs zex @ {uz,v;}
# Zg, =us 4




=y (-p > 0=0.

ags zexd_ i {ugvi}
23 SIS

(7) We show (—1)NtWs@ws)vs@) — (_)Nizuww)(_)ISI et k= |{2(i)) = u(i)li € T\ S} and [ := |{z(i) =
v(i)]t € S}. Then N;(z,u,v) =k +|S| — 1l and N;(¢s(2),¥s(u),¥s(v)) =k + 1.

(71)N1(zyu7v)(71)\3\ _ (71)k+2\5\*l _ (71)’6*1 _ (71)k+l _ (71)1\71(@’15(Z)ﬂlfs(u)ﬂ!fs(v))7

where we used that (—1)2% = (=1)I8I(—1)!S1 = (=1)151/(=1)!5I =1 and (—1)7! = (-1)%.
(8) s : [0,1]% — [0,1]¢ is bijective.

Ca is d-increasing since it is a copula. Thus, Vor (B) = Vea(¢s(B)) > 0. This completes the proof.
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