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Supplementary text S4

We prove the following proposition that is stated without proof in the Section Methods:

Proposition 1 T's p is a Fuchsian group for all T # 0. Ty (respectively T's. 1) is a Fuchsian group if
coshT > /2 (respectively if coshT > 2).

Proof According to [1, chapter 2], in order to prove that I, ; is Fuchsian it is sufficient to prove that
it is a discrete subgroup of SU(1,1). Since I';, ; is the free product of the two cyclic groups K,, and Ap.
Theorem 1 in [2] gives a necessary and sufficient condition for such a subgroup of SU(1, 1,) to be discrete.
We define A\, = 2cos %, p > 2. Rosenberger’s first theorem states that a sufficient condition for a free
group product G of two cyclic subgroups of SU(1, 1) is that there exist two generators U and V such that

o Tr(U) =M\, or Tr(U) > 2, Tr(V) = Ay or Tr(V) > 2,
e UV # +1d when Tr(U) = Tr(V) =0,
° Tr(UV_l) < -=2.

Let ror/, be the element of K, corresponding to the rotation of angle w/n, n = 2,4,6. It is clear that
'yt is generated by the pair (rx/,,ar) and that Tr(rgx/,) = A, and Tr(ar) = 2cosht. On the other
hand Tr(rox/n(ar) ') = A, cosh ¢ which does not allow us to conclude.

Consider the case n = 2 and note that K», is also generated by the pair (UL, Vi) = (rn,rrlar) =
(rr,7_rar). It is easy to check that Tr(UL) = Ay = 0, Tr(Vyl) = AycoshT = 0, ULV = ar # 1d if
T # 0 and Tr(US (V4')™1) = —2cosh T < -2 for all Ts.

Consider the case n = 4 and note that K41 is generated by the pair (U}, V') = (r,r/27r;/22aT) =
(Tx/2,T—rj2ar). It is straightforward to check that Tr(Uf) = A4, Tr(V{") = XacoshT = 0 and that
Tr(U{ (V{')™1) = 2cos 3 cosh T = —v/2 cosh T. Thus Ky 7 is Fuchsian if cosh T > v/2.

Consider finally the case n = 6 and note that Kg ; is generated by the pair (UL, Vi) = (77 /65 r;/?’ﬁaT) =
(Tx/6>T—rj2ar). It is straightforward to check that Tr(Ud) = Ag, Tr(Vg') = AacoshT = 0 and that
Tr(UF (VE)™') = 2cos ZF cosh T = — cosh T. Thus Kg 1 is Fuchsian if coshT > 2. |
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