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A simple model of gene expression

The model

The life of every organism is ultimately controlled by gene expression, the process by which the genetic
information stored in its DNA is used to synthesize functional products such as RNA and proteins.
This process involves two main steps, transcription and translation. In many cases a protein does not
interact with other components of biochemical pathways unless it is somehow “activated” through a
post-translational modification. A very common one is phosphorylation.

A simple dynamic model for transcription, translation and activation of protein through phosphory-
lation is given by the following set of ODEs:

ẋ1 = λ− µ1x1

ẋ2 = αx1 − µ2x2 + νx3 − κ
x2

1 + x2
ẋ3 = −νx3 + κ

x2
1 + x2

.

(1)

The state variables x1, x2 and x3 represent concentrations of mRNA, protein and phosphorylated protein
respectively. The model has six parameters with the following interpretation.

• λ is the transcription rate (µM min−1).

• µ1 is the spontaneous degradation rate of the mRNA (min−1).

• α is the translation rate (min−1).

• µ2 is the spontaneous degradation rate of the inactive protein (min−1).

• ν is the spontaneous dephosphorylation rate of the active protein (min−1).

• κ is the speed of the enzymatic reaction leading to phosphorylation of the inactive protein (µM
min−1).

Note that in order to be biologically meaningful, all the state variables and the parameters have to be real
and positive. This model has been introduced and studied in previous works as part of a deterministic
modeling framework for biochemical networks [1, 2]. The parameters values we use for the simulations
come from the model of the p53 network presented in [3].

Estimation of α and a posteriori identifiability test

In (1), the parameter α is of particular importance, because it gives a sense of how many copies of the
protein are produced per single mRNA transcript. We will estimate this parameter using the HEKF.
We suppose we are measuring protein concentration with an assay that is not able to distinguish among
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different post-translational modification of the same protein. This is the case when, for example, one uses
a non-specific antibody or a fluorescent marker. We choose a uniform sampling interval of 50 minutes
and we collect 20 total data points from t = 50 to t = 1000. We assume that the measurement noise has
a variance σ2 = 18.63, which is equal to 100% of the mean of the measurement signal. The measurement
signal is shown in Figure 1.
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Figure 1. Estimation of α in the gene expression model. The data points (green squares) are
obtained by evaluating the true model solution (red dashed curve) at the chosen time points, and then
adding white Gaussian noise. The blue solid line shows the reconstructed solution corresponding to the
HEKF estimates. The graphs are zoomed to highlight the transient behavior following the temperature
increase.

Figure 2 shows the result of the estimation for a typical HEKF run. The filter is started from initial
conditions equal to 0. The dotted line represents the true value of the parameter. The red triangles show
how the filter updates the estimate based on the information that comes from the measurements. After a
transient, the estimates keep oscillating around the true values of the parameters. From this time-varying
signal, a single number is extracted by averaging over the last ten samples (marked by the green line),
when the filter has converged to a steady state. The final estimated value for the simulation shown in
the plot is

α̂ = 0.1228,

while the true value of the parameter is 0.12. Also in this case, the estimation is very accurate, with less
than 5% error.

Similar results hold for the estimation of the parameters λ, µ1, µ2. On the other hand, ν and κ cannot
be estimated measuring x2 + x3. This can be seen with a simple observability analysis. In this case, we
can say a priori that ν and κ are not identifiable.

To check the estimate we just obtained, we compute the point and interval estimates of the variances
of the measurement noise as described in the Methods Section of the main paper. We fix a confidence
coefficient of 0.95.
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Figure 2. Time evolution of the α estimates in the gene expression model. After an initial
transient, the estimates (triangles) keep oscillating around the true value (blue dashed line). The last 10
samples (connected by the green line) are averaged to extract a single number from this time-varying
signal.

We get
σ̂2 ≈ 23.55,

and
13.94 ≤ σ̂2 ≤ 48.01.

The error between the real variance σ2 = 18.63 and the point estimate is only 26.40%. Moreover, σ2
1 lies

in the interval estimate. These results confirm that the estimates we obtained using the hybrid extended
Kalman filter can be considered valid. The refinement step is not necessary in this example.

Suppose now the filter gave as results the values α̂ = 0.3. The corresponding identifiability test gives

σ̂2 ≈ 77.42,

and
45.83 ≤ σ̂2 ≤ 158.12.

We observe that the real variance is very far from its point estimate, and does not lie within its interval
estimate. Therefore, we can reject the estimated parameter as incorrect with a probability of 95%.

Model selection

Many genes are regulated at the transcriptional level by the same protein they code for. This autoregu-
lation motif is one of the most common observed in e.g. the genome of yeast, as reported in [4].
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Figure 3. Discrimination between models (1) (blue) and (2) (red). The green squares represent
the measurements. The dashed lines represent the ideal model solutions, the triangles are the
corresponding Kalman filter estimates.

In this example, our goal is to find out whether the gene we are modeling displays autoregulation or
not. Let Σ1 be (1) and Σ2 be the model:

ẋ1 = λ
xn3

Kn + xn3
− µ1x1

ẋ2 = αx1 − µ2x2 + νx3 − κ
x2

1 + x2
ẋ3 = −νx3 + κ

x2
1 + x2

.

(2)

The difference between the two models is that in Σ2 the transcription rate λ is multiplied by a Hill-type
function that represents the active protein feeding back into the mRNA and regulating its production.
The two solutions are compared in Figure 3. The thick dotted lines in the plots represent the ideal time
measurement signals with the two models. The triangles represent the reconstructed measurement signal
using the HEKF.

We now obtain the estimates of the measurement noise and compute the point and interval estimates
of its variance using the model selection algorithm described in the Methods Section of the main paper.
The results are summarized in Table 1. It is clear that only Σ1 produces results that are compatible with
the measurements. Therefore, we can reject Σ2 as an inaccurate model with a probability of 95%, and
we can conclude that it is highly unlikely that the gene displays autoregulation.

Estimation performance and optimal sampling time of the HEFK algorithm

We next present a characterization of the estimation performance of the HEKF-based algorithm for the
small parameter space case. Figure 4 shows performance statistics of the estimation of αs and Kd in
the heat shock model. These plots are formed by running a large number (N = 10000) of simulations
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Table 1. Discrimination of the gene expression models.

Model Variance estimates
Point Interval

Σ1 19.90
11.7813
40.65

Σ2 41.69
24.68
85.14

Real variance R = 18.63

The table shows the point and interval estimates of the variances of the estimated measurement noise
for the models Σ1 and Σ2. Comparing these quantities with the real variances encoded in the matrix R,
it is clear that only Σ1 is consistent with the data.

for different measurement signals and different values of the sampling time in the range from t = 50 to
t = 400. From t = 0 to t = 50 the sampling instants are kept fixed to the values indicates earlier. The
red squares show the mean over all the simulations of the estimates obtained in this way. The error bars
represent an interval of ±3 standard deviations around the mean (99.7% confidence interval).

The plots show the existence of an “optimal” sampling time that minimizes the standard deviation of
the estimates. For the αs, the optimal sampling time is 10 min, which corresponds to a standard deviation
of 0.26. For the Kd, the optimal sampling time is 15 min, which corresponds to a standard deviation
of 0.23. Therefore, when designing an experiment for this example, choosing one of these two values
would be best. If this is not technically feasible, we can still use this kind of analysis to read the level
of accuracy that we can expect using a given sampling time. For example, since we used 25 min, we can
expect standard deviations is αs and Kd of 0.28 and 0.24 respectively. Note that the optimal sampling
time is not the smallest possible, as one would intuitively think. Rather, it represents a trade-off: if
we use too few data points, the filter doesn’t have enough information to produce accurate estimates,
whereas if we use too many the accuracy degrades because we are introducing too much noise. Note
also that using a sampling time greater than 40 min does not represent a good choice regardless of the
standard deviation, because a significant bias is present in the estimates.

Figure 5 shows analogous performance statistics for the estimation of α in the gene expression model.
In this case, the optimal sampling time is 30 min, corresponding to a standard deviation of 0.009.

Since we choose a sampling time of 50 min, we can expect a standard deviation of 0.01, which is still very
close to the optimal value. Note how sampling times smaller than 15 min or greater than 90 min do not
represent good choices, since they correspond to relatively high standard deviations or biased means.

We can get an even better quantitative idea of the performance of the algorithm by comparing the
power (i.e. the variance) of the noise in the measurement signals to the variance of the estimates. This
is easily done again using the plots in Figures 4 and 5. In the heat shock example, the variances of
the components of the measurement noise are 1.24 × 105 and 737.94, which are respectively equal to
530% and 603% of the averages of the ideal noise-free solutions presented in Figure 2 of the main text.
The variances of the estimates for αs and Kd are 0.078 and 0.058 respectively, which are equal to only
2.6% and 1.9% of the true values of the parameters. In the gene expression example, the variance of the
measurement noise is 18.63, which is equal to 160% of the average of the ideal noise-free measurement
signal presented in Figure 1. The variance of the estimates for α is 0.0001, which is equal to 0.08% of the
true value of the parameter.
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Figure 4. Performance of the HEKF for the estimation of the αs and Kd in the heat shock
model. These plots are formed by running N = 10000 simulations for different measurement signals
and different values of the sampling time. The red squares show the mean over all the simulations of
the estimates obtained in this way. The error bars represent an interval of ±3 standard deviations
around the mean (99.7% confidence interval).
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Figure 5. Performance of the HEKF for the estimation of the α in the gene expression
model. These plots are formed by running N = 10000 simulations for different measurement signals
and different values of the sampling time. The red squares show the mean over all the simulations of
the estimates obtained in this way. The error bars represent an interval of ±3 standard deviations
around the mean (99.7% confidence interval).
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