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1 Single-Positive-Loop Module

The following ordinary differential equations can be used to describe the dynamics of a single-positive-loop

module (inside the red dashed box of Figure 1A):

dC* B RS k k% *

at = kib"(ctot — ¢7) — kac™ + ks, (1)
db* ko ko k * k7 %k * *

dt = (kcs C (btot — b ) — k’5b + k4)7'b .

Here, ¢* and b* are the active levels of the corresponding components, varying between [0, ctot] and [0, byt ],
respectively. The variable s* stands for the input, whose maximum is smax. For the convenience of analysis,
we assume that the total amount of the active form and inactive form are conserved in each component,
as in previous works [2, 13]. Later on, we test our conclusion in other models with degradation/dilution

terms (e.g. a yeast cell polarization model and a polymyxin B resistance model in enteric bacteria).

Next, we rescale the variables by defining




Now, equations in (1) becomes

dC k*
= k¥b i b(1 — ) — kX 3 )
7 = Fibotd(l —¢) ot o 2
a (ngmaxctotsc(l —b)—b+ ]%Tiot)% kL.
Let
ki = kibior, ke =k}, k3= —> k.= -SsmaxCiot, ki= -, Tp=Ty kL,
Ctot ks k5bgot
and (2) becomes
d
jizklb(l—C)—kgc+k3, 3
db
P (k‘cSC(l - b) - b+ ]{24)7'1,.
dt
Conditions for a ”switch-like” response When the stimulus s goes from an "off” state to an

”on” state, C' usually responds in a similar fashion. In order for the two response states in C to separate

significantly like a ”switch”, the following three conditions must be satisfied:

e ky < 1, and k3 < k9. This set of constraints means the basal ativation levels of C' and B must be

relatively low compared to the deactivation rate of C' and B, respectively.

e ki/ky < 1/ky. This implies that when the signal is off, the activation from B to C, which is a

product of k; and k4 (the level of B at s = 0) must be significantly less than the deactivation of C,

ko.

e k1/ko > 1/k.. This suggests that the strength of activation from B to C, measured by ki/ks, is

greater than the deactivation of B to produce C, measured by 1/k.. That is, more active C' should

be produced from B than the C that participates in the activation of B.

The second and third conditions together imply k4 < k., that is, B should be mainly activated through



C not from basal activation. The details on derivation of the three conditions are as follows. We use () to
denote the steady steady value of a variable. At the steady state, the right hand side of system (3) equals

zero, yielding

b— kesc + ky
 kesc+ 17
where ¢ satisfies
AQEZ + Aic— Ag =0, (4)

with

Ay = (k‘l + k‘g)k‘cs, Ay = ko — kskes — kikes + k1ks, Ao = kiky + k3.

Let ¢ and by (¢; and by) denote the steady states of ¢ and b at s = 0 (s = 1), respectively. When s = 0,

equation (4) is linear, and thus
_ kika+ ks 5

L ek B A
0 ke + ko' 0 !

It is clear that & and by are close to zero provided
ke <1, k3 < ke, kiky < ko. (5)

When s # 0, (4) is a quadratic equation with two real roots of different signs. The positive root can be

written as

Cc =

—A1 + A% + 4A2A0' (6)
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Under condition (5) and the assumption k; > k3, we have A; > Ap and that A; and Ay are about the
same order (they both contain terms like ko and kik.s). Thus, A3 + 44549 ~ A?, and depending on the

sign of Ay there are two cases of ¢ at s = 1.

1. k1k. < ko. In this case, \/A% +4A9Ap ~ Ay, and by (6), ¢; ~ 0, which is close to the inactive steady

state ¢p, violating our ”switch-like” response assumption. This unrealistic case should be avoided.



2. kike > ko. In this case, \/A? + 4A3Ag ~ — Ay, and by (6),

YT 04y T (e + ko)ke

We remark that the same condition is also obtained from the Fluctuation Dissipation Theorem approach
in Section 5. The corresponding steady state value of b at s =1 is

- kik. — ko
by ~ ——=. 8
" kike + Ky ®

Let us denote J as the Jacobian matrix of system (3):

—kib—k ki(l—c
J(s,c,b) = ' ? 1 )
kes(1 —b)1,  —(kesc+ 1)1y

1.1 The deactivation time scale

Our goal here is to estimate the time scale t1_,¢ and to find the parameters that controls ¢;_,5. We start
by defining the deactivation process. Suppose that system (3) is well stabilized at the active state, that
is, the initial condition of system (3) is (¢1,b1), and then we apply the signal s(¢) = 0,# > 0. The process
from ¢t = 0 till the output is stabilized around the equilibrium ¢ is called the deactivation process. The
deactivation time scale t1_,o is defined as the time when c(t) reaches (¢; — ¢p)/e + ¢p. During the whole

deactivation process, system (3) sees only signal s = 0, so we linearize (3) around the steady state at s = 0:

!/

oc _ oc
©) = J(0, ¢, bo) © , 9)
5b(t) 5b(t)

where

_ —kibg — ko ki(1—¢
7(0.20.50) = 100 — ko ki ( 0)

0 —Tp



Clearly, the eigenvalues of J(0, ¢, by) are

Ae = —(k1ka + k2), N = —Tp,

and the corresponding eigenvectors are

1 k1(1—cp)
é- _ fb _ ki1ka+ko—Tp
c ’ -
0 1

Solutions of system (9) can be written as linear combination of £.e7#2t, & e~ that is,

de(t) = legoe™ MMl efemmt, (10)

Sb(t) = L&e ™, (11)

for some constants [. and [, depending on initial conditions [11]. Here, §g denotes the first coordinate of
&p-

From (10)-(11), it is easy to see that without loop B the time scale of C' is around 1/k2, whereas with
loop B the time scale would be determined by the larger one between 1/ko and 1/7,. Therefore, in order
to obtain a much slower time scale of C' when B is present, 7, needs to be much smaller than k9. From

now on, we assume that 7, < k9. Note that when 7, < ko,

fl ~ kl(k2 - k3)
O (kiky + k)2

For an arbitrary initial condition (4§, 55), we have

ki(ko — k3)

ARe M) L — B
(kiks + k)2 " b,

lc%’yak—ﬂék



and thus
ki(ko — k3)
(k1ky + ko)?

ki(ko — k3)

e o et 12
(k1ks + k2)26 (12)

set) = (7% Jertoserr g

On the other hand, under the assumption 7, < kg, there is a time scale separation in (10). Throughout
the initial layer (the time interval on the order of 1/k3), we can view lbgge_”)t as a constant lbgg, while
the first term in (10) decays quickly. As a result, after the initial layer, dc falls from its initial condition ¢
to a neighborhood of lbfg. If lbfl} is small comparing to ¢, then dc has changed substantially during the

™! is diminished. Consider the extreme case when lbfg is below

initial layer, and thus the effect from e~
(¢1 — ¢y)/e. The deactivation time scale t;_, is defined as the time when c(t) reaches (¢1 — ¢p)/e + ¢o,
which when linearized around ¢y corresponds to dc(t) being (¢ — &) /e. If Ip&} is below (¢1 — &p)/e, then
dc reaches (¢; — ¢p)/e during the initial layer, i.e., t;_o is within the order of 1/ky. So when 7, is small,
the deactivation process may not be significantly affected by the term e~™!. Conversely, if lbfg /7§ is large,
e~ ™! will have substantial contribution in determining #;_.o. We remark that it is possible in general (for
example, the positive-negative-loop case) to have [,¢} greater than the initial state (the active state), and
in that case 0c(t) increases during the initial layer, resulting in a even longer period for dc(t) to reach
(¢1 — &)/e. In order to estimate [,&}, notice that &2 = G and L&} /v = (B5&L)/(15€2). Therefore, for
any fixed initial condition (v, 3;) around the steady state (0,0), the ratio &} /¢2 determines how effectively

e~ ™! slows down the dynamics of de. Calculating this ratio, we obtain

5; . k‘l(l — 50) Tb§k2 k1 (k‘g — k‘g) k3§k2 k1ks k1k4}v<<k2 k1ko

= N T "~ —= =K,
&  kika+ko—1 (k1ky + k2)? (k1ks + k2)? k3

The bigger K, is, the more contribution from the slow term e~ !, and thus the slower dc converges to the

steady state at zero.

To estimate t1_9, we consider the initial condition (1g, 35) = (¢1 — €, b1 — bp), and compute the time

when dc reaches 7 /e. If lbgg /7§ is large, the initial layer can be neglected, and dc(t) ~ lbgge_”’t. The time



it takes for dc to drop from ~§ to 7 /e is approximately,

6 éb 'YS
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So, the quantity, affects the duration of the deactivation process, with bigger corresponding to

longer deactivation. Notice that,

j_gl_BON Ka+1 kc
’76_51—50N Ka ke+1 '

55
2%

Thus,
ke
ke+1

~ (Ko +1) (13)

Therefore, t1_,¢ is increasing in K, and k.. The above linear approximation (10)-(11) is only valid around
a small neighborhood of (0,0), and the global dynamics could be different. However, demonstrated by
numerical simulations, the linear analysis seems to provide good qualitative predictions of the dynamics
and the dependence on K, and k. (Figures 3E-3F). For the sake of completeness, we also used the two-
time-scale asymptotic expansion of the global solution (Section 4) and the Fluctuation Dissipation Theorem

(Section 5). Both approaches reinforced the conclusions obtained by the linear analysis.

1.2 The activation time scale

Suppose that system (3) is well stabilized at the inactive state, at time zero, apply the signal s(¢) = 1,¢ > 0.
The process from ¢t = 0 till the system is stabilized around the equilibrium ¢; is defined as the activation

process. During activation, the input signal is s = 1, so we linearize (3) around the steady state at s = 1:

/

de(t)  J(Lenh) de(t) |

5b(t) 5b(t)



where
_ —kiby — k ki(l—¢
J(1,e0,51) = 101 ) 2 1( 1)
k‘c(l — bl)Tb —(kcél + 1)Tb
Let us assume that the term k.(1 — by)7, is small enough (73, < ko) so that the eigenvalues of J(1,¢,b1)

are

e & —(k1by + ka), Mo = —(kee1 + 1),

and their corresponding eigenvectors are

1 _ k1 (1—51)
fc ~ gb ~ k1bi+ko—(kec1+1)7
0 1
Therefore,
de(t) m loghe bkt 4 gl em(Reertimt, (14)

b(t) ~ lyee~keertmt,

for some constants . and [, depending on initial conditions. If (k.¢1 + 1)1, < ko, there is a time scale

separation in the solution of dc. Similar to the analysis for the deactivation time scale, if the ratio

fgwk’l(l—él)_ K, (1_’_1)2’

g - kiby + ko N (Ko +1)2 ke

is large, then e~ (kec1t+1)

™! determines the time scale of the convergence to zero. To estimate tg_1, we
consider the initial condition (7§, 35) = (¢ — €1, bo — b1), and define to_,; as the time when dc reaches 7 /e.
If 1&} /75 is large, then the initial layer can be neglected, and dc(t) a &} e~ Reer+mt . The time it takes

for dc to drop from ~j to /e is

&8 )
1+1In (5570*
Th ’



where

fgﬂs 1 1
~ 1+—1. 1

So, tg—1 is decreasing in K, and k..

2 Positive-Positive-Loop Module

Recall the positive-positive-loop model:

% (a4 0)(1— ) — kac+ ks,
% = (kese(l —a) — a + ky)7g, (16)
% = (kese(1 —b) — b+ kq)1p.

We have similar conditions for a "switch-like” response as in the single-positive-loop case:

e ky < 1, and k3 < ko. This set of constraints means the basal activation levels of C' and B must be

relatively low compared to the deactivation rate of C' and B, respectively.

e 2ky/ke < 1/k4. This implies that when the signal is off, the activation from A and B to C, which is

a product of 2k; and k4, the level of A or B at s = 0, must be significantly less than the deactivation
of C, ko.

e 2ki/ko > 1/k.. This suggests that the strength of activation from A and B to C, measured by
2k / ko, is greater than the deactivation of B to produce active C, measured by 1/k.. That is, more

C should be activated from A and B than the C that participates in the activation of A and B.

The second and the third conditions together imply k4 < k., that is, A and B should be mainly activated

through C not from basal activation. The details on derivation of the three conditions are as follows. At



the steady state of system (16), we have

R kesc + ky
a=>b= EIE——
kese+ 1
where ¢ satisfies
AQEQ + Alé — AO = 0, (17)

with

Ay = (le + kg)kcs, A1 = ko — kskes — 2k1kes + 2k1ky, Ao = 2k1ky + k3.
When s = 0, equation (17) is linear, and the steady state is

 2kika + ks

=_——" 2 Gyg=ka, by=ka.
Co 2k1]€4+]€27 ap 4 0 4

The values of ¢, @g, and by are close to zero provided
ks < 1, ks < k‘g, 2k1ks < ko. (18)

When s # 0, (17) is a quadratic equation with two real roots of different signs. The positive root can be

written as

24,

¢ =
Similar to the single-positive-loop case, under condition (18), there are two cases at s = 1.

1. 2k1k. < ko. In this case, the positive root ¢; as in (19) is close to zero, and thus can not be

differentiated from ¢é;. We discard this unrealistic case.

2. 2k1k. > ko. In this case, \/A% +4A5A) ~ —Aq, and thus,

2k1k. — ko
(2]{1 + kg)k‘c ’

61%

10



The corresponding steady state values of a and b are given by

S 2k ks
L T ok (ke + 1)

The Jacobian matrix of system (16) is

—k1(a—|—b)—k2 kl(l—c) kl(l—c)
J(s,c,a,b) = kes(1—a)ty  —(kesc+ 1)1, 0
kcs(l — b)Tb 0 —(kcsc + l)Tb

2.1 The deactivation time scale

Similar to the single-positive-loop analysis, we linearize system (16) around the steady state (o, g, bo) and

obtain the following system:

oc(t) de(t)
sa(t) | =J(0,c0,a0,b0) | sa(t) |- (20)
5b(t) 5b(t)

The eigenvalues of J(0, ¢y, @o, bo) are

)\c = —(2]€1k4 + k’Q) ~ —k’g, )\a = —Ta, )\b = —Tp.

The corresponding eigenvectors are

1 k‘l(lféo) kl(lféo)
2k1kat+ko—7a 2k1kg+ko—T1p
fc = 0 ’ fa = 1 ) fb = 0
0 0 1

11



Solutions of system (20) can be written as linear combinations of

gceik2t7 gaeiTat? gbeint7
that is,

Se(t) = leble ™ 4 1,60e ™ + hghe ™,
Sa(t) = 1,&2e7 Tt (21)

5b(t) = &e ™,

for some constants ., l,, and I, depending on initial conditions.

From (21), we see that the largest number among 1/ko, 1/7,, and 1/7, indicates the time scale of dc.
In order to observe a slow deactivation, one of 7, and 7, must be much smaller than ko. Without loss of
generality, we assume that 7, < ko and 7, < 7, (7, and 7, are symmetric).

For the same reason as the single-positive-loop system, for any fixed initial condition in a small neigh-

—Tpt

borhood of the stead state, the ratio of 5; to §§ determines how effectively e slows down the dynamics

of dc. Calculating the ratio, we obtain

51} . kl(l — 50) Tb§k2 k‘l (kg — k‘s) k3<5k2 k:lkg 2k1k,i<k2 klk‘g

gg’ o 2ki1ks + ko — 1 - (2k1k34 + k2)2 - (2k1k4 + k2)2 - k%

= K,.

Thus, the bigger K, is, the slower dc converges to the zero steady state. To estimate t1_.g, we consider the
initial condition (1§, af, 35) = (€1 — o, @1 — @, b1 — bo), and take t;_ as the time when dc reaches 5 /e.

We use two extreme cases of 7, to illustrate the effect of loop A on the deactivation time scale t1_.g.

Case 1 7, = ka > 7. After an initial period, dc(t) =~ lbfge*m. If lbgg is significant comparing to 7, then

12



the time it takes for dc to drop from ~§ to 7 /e is approximately

1—|—ln<@) 1+ln<§éﬂ3)
Yo _

&%
Th Th ’
where
§ B kl(l — 50) Tb§k2 ]{1(]6'2 — ]6'3) 2k1kf£<<k2 klk? - K
ég’ - 2k1ks + ko — 1 (2k1k4+k‘2)2 k‘% e
and
@ N 2K, +1 ke
v\ 2K, ke+1)°
Thus,
& 5 1, ke
~ (K ,+ = ) 22
55’76‘ (Ka + 2)1 + ke (22)

Comparing (22) with (13), we see that the ¢;_¢ in the positive-positive-loop system is smaller. On
the other hand, in both single-positive-loop and positive-positive-loop systems, t1_,¢ increases in K,

and k..

Case 2 kg > 7, = 7. The solutions in (21) can be rewritten as

oc(t) = lgle k2t f ol ete !,
Sb(t) = e ™t

Sa(t) = 5b(t).

After the initial layer, dc(t) ~ 2lb§ble_7bt. If 21b§b1/76‘ is large, then the time it takes for dc to drop
from ~§ to 75 /e is

&
Th

1%
1+1In (72&,50)

)

where
26, 35
&5

ke
14+ k.

~ (2K, +1)

(23)
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Comparing (22) to (13), we see that the t;_ in the positive-positive-loop system is bigger.

The analysis of the above two extreme cases suggests that with the additional loop A, the deactivation
time scale t1_,g of the positive-positive-loop system can be either smaller or bigger than the single-positive-
loop case depending on 7, in a manner that bigger 7, corresponding to smaller ¢; 9. In addition, t;_.q is

increasing in K, and k..

2.2 The activation time scale

Linearizing system (16) around the steady state (¢1, a1, b1), we obtain the following system:

!/

oc(t) de(t)
sa(t) | =J(,e,a1,01) | sa(t) |
b(t) 5b(t)

where
—]{71(@1+61) — ko kl(l—él) k‘l(l—él)

J(1,e1,a1,b1) = ke(l—a)7a  —(ketr + 1)74 0
k(1 —b1)m 0 — (ke + 1)1

Let us assume that the term k.(1 — by)7, is small enough so that J(1,¢;,ay,b;) ~ J*, where

—kl(al + 61) — ko ]{71(1 — 51) kl(l — 51)
J* = ke(1 —a1)7, —(keC1 + 1)1y 0
0 0 —(k‘cél + 1)7’1,

Denote the eigenvalues of J* as

)\ca >\aa )\b = _(kcél + 1)Tba

14



with their corresponding eigenvectors

{l 51 _ ki(1—¢1)
¢ a k1(a1+b1)+ka—(kec1+1)
fc ~ g ’ ga ~ g P gb ~ 0
0 0 1

To estimate to_.1, we consider the initial condition (g, g, 35) = (¢o — €1, a0 — a1, by — b1). Again, we use

the previous two extreme cases of 7, to elucidate the effect of the loop A on ty_1.

Case 1 7 = ko > 7. After an initial period, dc can be approximated by lbgge_Tbt. If lbfg /7§ is large, then

t1—0 can be approximated by

1+ln(

Ty

€155 )
&
b

where

3 K1 ks 1)? K, 1\? 2 2K, +1 k.
b2 (14— ) =—2—(1+—), 2= .
fb (le + kQ) ke (2Ka + 1) ke Y 2K, ke+1

&6 1 <
&y 22K, +1)?

Thus,

1+ lj) : (24)

The ratio in (24) is much smaller than that in (15). On the other hand, in both single-positive-loop

and positive-positive-loop systems, tg—; is decreasing in K, and k.

Case 2 ko > 1, = 7. After the initial layer, dc ~ 2lb§,}e_76t. If 2lb£g/78‘ is significant, then the time it

takes for dc to reach /e is

1+ In (5)

&g
T ’
where
26135 1 < 1 >
~ 1+— . 25
v S K. 12 TR (25)

15



Comparing (25) to (15), we see that the t1_,0 in the positive-positive-loop system is smaller.

The analysis of the above two extreme cases suggests that with the additional loop A, the activation time

scale t1_,g is smaller than that in the single-positive-loop case. Moreover, tg_.1 is decreasing in K, and k..

3 Positive-Negative-Loop Module

Recall the equations for the positive-negative-loop module:

d

df = kupb(1 — ¢) — (ko + k1qa)c + ks,

(é—? = (keasc(l — a) — a + kq) 7, (26)
db

a = (k’chC(l — b) —b+ ]{34)7’1).

For the purpose of analysis, we assume that k., = ke, := k., which significantly simplifies our computations.

The steady state at s =0 is
B k3 + k1pka
ko + ka(k1a + k1p)’

Co ag = l_)o = k4.

When s = 1, under the assumptions ky < 1, k3 < ko, and kipk. > ko (similar to those in the positive-

positive-loop systems, Section 2), we have

N kipke — ko
~ koke + (k1p + k1o ke

- kipke — k
iy = by ~ 1b 2

C =~ .
! kipke + k1p + ki

The Jacobian matrix of (26) is

—k1pb — (k‘g + k‘laa) —k1qc k‘lb(l — C)
J(s,¢,a,b) = keas(1 — a)1, —(keasc + 1)1, 0
keps(1 — b)m, 0 —(kepsc+ 1)

16



3.1 The deactivation time scale

Linearizing (26) around the steady state (¢, @, by), we obtain the following system:

!/

dc(t) de(t)
sat) | =J(0,c,a0,b0) | ba(t) |- (27)
8b(t) Sb(t)

The eigenvalues of .J(0, &, @, by) are

Ae = —((k1p + k1a)ka + k2) = —ko, Ao = —Ta, Ap = —Tp.

The corresponding eigenvectors are

1 o k14Co klb(l_EO)
(k1p+Fk1a)ka+ka—7a (k1p+Fk1a)kat+ko—Tp
=10 | &= 1 &= 0
0 0 1

Solutions of system (27) can be written as the linear combination of

gce_tha gae_Taty gbe_Tbta

that is,

de(t) = Le&he ™™  1a8he ™™ + gye ™,
Sa(t) = l,2e7 Tt (28)

5b(t) = lp€e ™,

17



for some constants ., l,, and [, depending on initial conditions. As done for the positive-positive-loop

system, we consider the following two cases.

Case 1 7, = ko > 73, fast negative loop and slow positive loop. The contribution of the slow dynamics is

through the term lb&}e*”’t. As before, we compute

fg . klb(l — 50) o k2 k‘lb(k‘g + kigks — k‘g) k3,k’4\1<<k2 @ K
& (kb +Fkia)ki+k—7 ((k1p + k1a)ka + ko)? ky — Y

and
ﬂék ~ (1 + Ka + Kd)kc

e Ko+ Koke + Kg'

Thus,
G685 1+ K, + Kgke
& ket+ 1+ Ky/K,'

(29)

A straightforward calculation shows that (29) is always greater than (13) under the assumption
k1pke > ko (the same assumption that guarantees the positivity of ¢;). Equation (29) also shows that

t1_0 increases in K, and k..

Case 2 ks > 7, = 7, slow negative loop and slow positive loop. In this case, both terms [,£le~"a! and

1 1\ 3*
lbgl}e*nt are slow. The overall contribution from the slow terms is indicated by (6 1Ea)B Thus,

£
Lrehps (14 K, + Kk, k 14+ K, + Kg)ke
(é-b tga)ﬁo ’,\\_',( + + d) _Kd <3+Kak4> ( + + d) ) (30)
23 ke+ 14+ Kq/K, ko Ko+ Kok + K4

Notice that ks < 1 and k3 < ks, so the second term in (30) is very small. Thus, (30) is still bigger
than (13), but smaller than (29). That is, the deactivation in this case is slower than that in the

single-positive-loop case, but faster than the fast-negative-slow-positive case.

18



3.2 The activation time scale

Linearizing system (26) around the steady state (¢1, @y, b1), we obtain the following system:

!/

dc(t) de(t)
sa(t) | =J,e,a1,b1) | Sa(t) |,
5b(t) 5b(t)
where
—k1pb1 — (kg + k14a1) —k1aC1 kip(1 —¢1)
J(1,¢,a,b) = kea(1 = a1)7q —(keaC1 + 1)74 0
kep(1—b1)m, 0 —(kepC1 + 1)1

Let us assume that the term k(1 — b1)7y is small enough so that J(1,¢éy,ar,b1) =~ J*, where

—k1pb1 — (k2 + k14a1) —k14C1 kip(1 —¢1)
J* = kea(l —a1)7, —(kea1 + 1)7q 0
0 0 —(kepC1 + 1)1

Denote the eigenvalues of J* as

Aes Aay Ay = —(kepC1 + 1)7,

with their corresponding eigenvectors

¢l ¢l _ kip(1—c1)
¢ a k1pb1+(k2+Fk14a1)—(kepC1+1) 7
§e ™ Z y Ca 2 , S 0
0 0 1

To estimate to_,1, we consider the initial condition (7§, o, 35) = (€0 — ¢1,ap — a1,bo — b1). Again, we use

the previous two extreme cases of 7, to elucidate the effect of the loop A on tg_.1.
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Case 1 7, ~ ko > 73, fast negative loop and slow positive loop. The slow term is lbége*“t. After an

initial period, §c can be approximated by lbfge_”’t. Calculating 55 / fl‘:’, we have

& (ke + keKg+ 1)(Ka + Kok + Kq)
e k2(K, + Kq+ 1)2 ’

which is consistent with of the single-positive-loop case (corresponding to K; = 0). On the other

hand,
By (1+ Ko+ Kg)ke.

’78 - Ka"'Kakc‘FKd.

Thus
&85 ket kKa+1
5278 kc(Ka‘i‘Kd""l).

(31)

It is easy to see that (31) is greater than (15) under the condition kipke. > ko. So, in this case we

expect slower activation in positive-negative-loop systems than in single-positive-loop systems.

Case 2 ko > 7, = T3, slow negative loop and slow positive loop. Now both terms /,£Le ™! and lbﬁge*”’t

are slow, and the contribution from the slow terms is indicated by

(gl} —+ f;)ﬁ[))k ~ kc + k;ch +1 . Kd(Kakc - 1)
5[?78 kc(Ka+Kd+1) I((1k3c(1(117L1(d+1>7

which is less than (15). That is, the activation in this case is faster than that in the single-positive-loop

system. Simulation shows that the are very close (Figures 5C-5D).

The analysis of the above two extreme cases suggests that with the additional negative loop A, the activation
time scale in the positive-negative-loop system could be either slower or faster than that in the single-

positive-loop system.
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4 Two-Time-Scale Asymptotic Expansion

In this section, we derive an asymptotic expansion of the overall solution, including those far away from
the steady state. We will show that the single-positive-loop system can function as a low-pass filter, which
explains why the relative size of the noise’s time scale and the system’s intrinsic time scales is important

to noise attenuation. We also show that our local solution closely resembles the global solution.

Different from the traditional expansion approach, the two-time-scale asymptotic expansion method [7],
originated from the strained-corrdinate method [7], is mainly used to avoid the accumulative effect and to
obtain a solution uniformly valid over a long time interval. In our case, it also provides an explicit relation
between the solutions and the two separated time scales, suggesting that the single-positive-loop system

can function as a low-pass filter.

4.1 Low-pass filter

This section is devoted to obtain the asymptotic expansion of solutions of system (3) and to show that the
single-positive-loop module can function as a low-pass filter. Let ¢ = 7. If ¢ < ko, we could expand the

solutions of system (3) in powers of e:

c=co(t,f) +ecr(t™,f) + 2ea(tt 1) + -+,

b=bo(t", 1) + by (t+,8) + 2bo (¢, 1) + -,

involving the fast time scale t+ =t and the slow time scale ¢ = et. The initial conditions are

CO(0,0) = 70, bo(0,0) = ,80, Ci(0,0) = bi(0,0) = O, = 1,2, e
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Accordingly, system (3) becomes

Odco Ocyg  Ocy 9

=ki(bo(t",8) +ebi(tT,8) + -+ ) (L—co(tT 1) —ecr(tt, ) — ) — ko(co(tT,8) +ecr (T, 8) + -+ ) + ks,
Dby (O O\ | o

8t++5<85+8t+>+0(6) (33)

:e@ﬁ@ta@ﬁta+fq@ta+~uﬂ1fm@tagfm@hafuq

— (bo(tT, ) + byt B) -+ ) + k4).

Equating the same order on both sides of each equation, we have

gtbﬁ — 0, e bo(tT ) = bo(D), (34)
CZ); + g% = kesco(1 —bg) — by + kq, (35)
and
90 _ hbo(B)(1 — colt+,B)) — kco(t+,7) + & (36)
T 1bo ot 2co(t™, 35
%‘? + g% = k1(b1(1 = co) — bocr) — kacy. (37)

In principal, there are different ways of choosing by(t). However, in order to obtain a uniform zero-order
approximation, we need to choose by such that the solution by from (35) has no linear term in ¢+ [7]. Once

bp is determined, solving ¢y from (36), we obtain

~ _ 7 ~ k1b ( )+ ks ; +
t+ f) = (klbo(t)+k2)t+ <h t 190 _ (klbo(t)+k2)t -1 > 38

— <70 _ klbo(tMﬁ) o~ (kibo(D+ka)t+ | M

k1bo(t) + k2 k1bo(t) + ko
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Thus, the question becomes how to choose an appropriate by for a given noise input. Consider the following

scenarios of the input signal:

1. Noise is on a fast time scale.

In this case, the signal can be written as the sum of a constant input and fast noise term s1(¢*) with
mean zero, i.e. s = sg+ s1(t"). In order to eliminate the linear term of ¢* in the solution of by, we

choose by satisfying:
dbg

T = kCSO(l - bo)i — by + ky. (39)

As a result, (35) becomes

0by

kibo + k
ot = ke ((81(t+) + 50)co — 80103) (1 —bo),

whose the solution b; does not contain any linear term of ¢*. Notice that (39) is separable and can
be solved analytically. Since none of by, cg, and dcy/Ot contains linear term in ¢t (see (38)), the

solution ¢; of (37),

+

- t -
cr(th, 1) = e~ (rbo(Hh)tt / <k1bl(1 —cp) — 869> ebo(®)+hk2)t™ gyt
) 0 oi )
has no linear term in ¢*. Therefore,
- k1bo(t) + ks) (ko (@ v kbo(t) + ks
o8 = (o = PO FE iipo@arrr , FaboD ks o "
(1) (70 krbo (1) + ko Fbo(D) + e O (40)

b(t", 1) = bo(f) + O(e),

is a uniform zero-order approximation of (3) [7] (Figures S3A-S3B). Observe that the noise term
s1(tT) does not show up in equation (39), so the zero-order approximations with and without noise
are the same, suggesting that fast varying noises are filtered out through the system (Figures S3D-

S3E).
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2. Noise is on the slow time scale #, i.e. s = s(f).

In this case, to eliminate the linear term of t* in by, we take

db ~ k1bo + k3
= = kes(t)(1 —bg)————— — bo + k4. 41
s s(t)( 0)k1b0+k2 0+ k4 (41)

Similar to case 1, we have (40) as the uniform zero-order approximation of (3), but the by(¢) in this
case is the solution to (41) instead of (39). Notice that noises persist in the zero-order approximation
through the term s(f) in equation (41), and thus the slow noise could significantly affect the output
(Figure S3F). Nevertheless, the leading order in (40) again matches the whole solution well (Figure
S3C).

3. Noise is decoupled into a sum of fast and slow noise terms, i.e., s = sg + s1(t7) + sa(%).

In this case, we take by as the solution of

db .
d; = keso(D)(1 = bo) 23 by + k.

Thus, only the slow term enters in the equation of by, and the fast noise is filtered out through the

system (Figures S3G-S3J).

In summary, the zero-order solutions match the whole solution very well (Figures S3A-S3C). System (3) is
not significantly affected by noise on a fast time scale (Figures S3D-S3E). The single-positive-loop system

can function as a low-pass filter for different nature of noises (Figure S3D-S3J).

4.2 Connection to the linearization approach

The zero-order approximation obtained in (40) is a global solution, while the linear stability analysis in Sec-
tions 1-3 focuses on local solutions around the steady states. In this section, we use the deactivation process
of the single-positive-loop system to elucidate the connections between these two approaches. Comparison

to other systems could be done in a similar fashioin, but much more complicated computationally.
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During deactivation, s = 0 and the solution of (39) is
bo(f) = (,30 — ]{74)675 + ky.

Writing in the new coordinate bf, = by — k4, we have b}(t) = Bge_g, where ;5 = (o — k4 is the initial

condition. For the solution ¢y in (38), we linearize it around

. kikatky
O kg + ke
obtaining
~ (kjg — kg)k?l i — (k1 (B%e—t +
* t+ f) = * % (k1(Bye P 4ka)+k2)t 49
(k2 — k3)ky ;

+ 535

6 )
(k1ka + k2)(k1(Bge™™" + ka) + k2)

where vj = 70 — ¢ is the initial condition of ¢j. The dynamics of ¢ is determined by two exponential
functions. One is on the fast time scale ¢+, and the other one is on the slow time scale #. Notice that (42)

is in the same form of the equation (12), obtained using linearization and eigenvalue analysis (f = 7t,

tt =1t).

5 Fluctuation-Dissipation Theorem Approach

Let us first review the Fluctuation-Dissipation Theorem used in [4, 5, 9, 10]. Consider a general input-

output system
d.’Ei
dt

=JH(z)—J (z), i=1,...,n (43)

Here, Jf and J; are the fluxes of the production and degradation of x;, respectively. We assume that xg
is the only source of noise, and z((t) = (xo) + oo(t), where o has mean zero and autocorrelation time 7.

The two quantities that we are interested are the sensitivity of the steady state and the noise amplification
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rate. We define the sensitivity of the steady state for each i = 1,...,n by susceptibility [5, 9, 10, 12]

and the noise amplification rate by [5]

ni  std(x)/(xi)

ry = — =

no  std(zo)/(zo)

Both quantities are closely related to the reaction fluz elasticities [5, 9, 10], H;;, which measures how the

ratio of production to degradation changes with respect to the concentrations,

0. — {zj) (8<JZ+) B 8(Ji_>> _ OIln{J;) B Oln(J;") _ _0111 ((Jj>/<J17>) (44)
Yo () N9z 9ay) dln(zj)  dln(x;) Oln(z;)
The susceptibility s; can be solved from the equation [5, 9, 10]
Hyo+ Hjis1+--+Hipspn, =0, i=1,...n. (45)
The n;’s are solutions to the following equation [5, 9, 10]:
Mn+nM'+ D =0, (46)

where

M, = ) <81n<Ji) alnuj)) ()

(z;) \ 9ln(z;)  dIn(x;)

2
Doo =20 Dy =0 for (5.4) # (0.0),1,5 = 0,....m.

[
~—
R
3
[
3
T

Applying to our single-positive-loop system (3), we have

n=2, xp=8S8, x1=c¢, xTo=>0,
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J1+ = k’lb(l — C) + kg, Jl_ = kQC, J2+ = (kcsc(l — b) + k4)7‘b, JQ_ = bTb.

By the definition of H;; in (44), we obtain

-1 B -1
H:(Hl]): ) Z‘:1727 j:071727
0 —1 A/ks

where A = (b)k1 + ko, B =1+ k.(¢)(s). Thus,

_?10 0 0 mo M1 Mo
M = (MZJ) = wn —nB 7 y N = (nij) = o TI% 112 )
0 ko —A 720 721 122
2n2
LoV
D:(Dz]): 0 0 0 ) i:071727 ]:07172
0 0 0

Notice that a key approximation in the FDT approach is that the average rates can be approximated by

the rates at the average concentration [6, 9, 10]. Equations (45)-(46) can be solved explicitly, and we have

_ ko 2 — m k27075(1 4+ ATo + B1oTs)
AB — ky’

27 @ (AB —ko)(A+ Bry)(1 4 Amo + Brom, + 187(AB — ka))’

52

When 7971, < 1, we have A1y < TgTbAB , and thus,

2~ k3707
27 (AB — k3)(A + Bmy)’

If further, 7, < 1,
k‘%ToTb N TOTh

(AB = ka)A ™ (s)(Kake — 1)(Kq + 1) 5

(47)

2~
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Therefore, the amplification rate is a decreasing function in K, and k. (as Kyk. > 1). Moreover, the noise
amplification rate not only depends on 73, but also depends on K, and k., in a way that larger K, or k.
leads to better noise attenuation. The proposed quantity (¢ — to—1) incorporates both time scale of the
b-equation (7) and the key kinetic constants (k. and K,), and thus, serves as a better characterization
than merely the time scale of the b-equation, 7. In our application, the autocorrelation time 7y is the

inverse of the noise frequency, w. Therefore, (47) becomes

Ty

w(s)(Kake — 1) (Ko + 1)1

2~

and the inverse relation between ro and w arises naturally.

6 Models with Hill Functions

Hill functions are often used to model saturation effect and cooperativity in enzymatic reactions. In this
section, we study the positive feedback module in Figure 1A based on Hill functions. First, we introduce

Hill functions to the activation processes, as in the previous work of [2]:

d

df = ki(a+b)(1 —¢) — kac + ks,

da "

g = es (L —a) —at ka)ma, (48)
db "

— = (kes———=—=(1—b) — b+ kq)7p.
= (ks (1= 8) b+ k),

When the Hill exponent is one, system (48) corresponds to Michaelis-Menten kinetics, whereas system (16)
is derived following mass action kinetics. In [2], n = 3 is used. Plotting the steady state response of the
output as a function of constant input s for system (16) and system (48) with n = 1 and n = 3 yields
three close curves (Figure S5A). Note that when n is large, for example, n = 10, bistability could arise in
system (48), which is expected [1, 3]. Here, since we are solely interested in systems with a unique response

to a constant signal, we focus on small n’s, such as n = 3.
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The time evolution of the outputs of the above three systems in response to a noise-free signal (Figure
S5B) and the noisy signal (Figures S5C-S5D) shows extensive overlapping, suggesting similar relationship of
the noise attenuation and the deactivation and activation time scales between system (48) and system (16).
This is confirmed by direct simulation (Figure S5E-S5G). However, the analytical study for the model using

Hill equations becomes more difficult, in particular, for Hill exponents larger than two.

Next, we considered a variation of system (48),

%:kl(a—i—b)(l—c)—k20+k3,

da " m

W s — (1 —a)— — " 4 k), 4
dt ( SanrKn( a) am™+ L™ + 4)T ( 9)
db c" bm

— = (kes————(1—b) — ————— :

7 (k Sa —|—K”( b) g I + kyg)Tp

with nonlinear deactivation terms in A and B loops. The simulations of (49) with L =1 and m = 1 show
similar outputs with system (48) (Figures S6A-S6B). Furthermore, the noise amplification rate displays

the same trend as in all other models (Figures S6C-S6E).

7 A Polymyxin B Resistance Model in Enteric Bacteria

We use the same equations as in [8] to describe the feedforward connector loop (FCL) model:

dx 1

& = toor (1 "~ (1+ K3[PhoP-P)%)(1 + K3(22 + a;g))> ~ Fophgr

% = kpmrD T f}[(i};):o _PP_];]Z — k_pmrpx2 — kcxoxy + k_c05

% = kpmra — kpmraxs + k_px4 + kpx3 (50)
% = kprs — k_prs + k_cx5 — kexom4

% = kexoxy — k_cxs.
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The parameter values used in simulations are listed in Table S1.
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