A Threshold Equation for Action Potential Initiation
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Text S1 - Supplementary Methods
A. Relationship between threshold definitions
To examine the relationship between threshold definitions, we consider the exponential
approximation of the membrane equation:
dv V-vr
CE=F(V)+I =gL(EL_V)+gLATe Ar +I

where Vr is the voltage threshold for slow inputs. The threshold 6, for fast inputs is defined with
very short current pulses I(t) = q8(t) (where q is the total charge) as the voltage value for the
threshold charge qu, which is the larger voltage such that F(6,)=0:
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which simplifies to:
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This relationship gives Vr as a function of 6. To invert this formula, we may observe that the

second term is a small correction to the threshold Vr, which suggests the following
approximation:

Vr — Ey
Ar

Oq = Vr + Arlog( )

The empirical threshold measure 6, defined by the first derivative method (dV/dt=kwx) can be
related to Vr in the same way:

Vr — (Ep + RI — thyy)
0, = Vr + Atlog( A, )

where 7 =C/g, is the membrane time constant (R=1/g;. is the membrane resistance).
Importantly, the corrective term depends on the total conductance, in a way that tends to
increase the modulating effect of conductances on the measured threshold.

B. Two compartments model
Here we consider a model with two compartments, representing the soma and the AIS. It is
described by two equations:
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where we have neglected the Na current in the soma, because it does not play a role in spike
initiation (only in the second phase of the action potential), and g. is the coupling conductance
between the two compartments. The threshold value at the AIS for slow depolarizations can be
calculated similarly as in the single-compartment model, i.e., the voltage at the bifurcation point.



When I is slowly increased, both voltage derivatives are zero, so that the two equations can be
written as:

0 = g5 Pe® Wars) Ena — Vars) + 985 (EL — Vars) + 95°™(EL — Veoma) + 1
0= gfoma(EL - Vsoma) + gc(VAIS - Vsoma) +1

It appears that Vsma can be expressed as a linear function of Vais, so that the first equation
becomes

0= g;\é}(IlS‘Paoo (VAIS)(ENa - VAIS) + gL*(EZ - V:soma) + I
Ic
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This equation is formally identical to the one obtained from a single compartment model with
conductance g, which we call the effective leak conductance, so the threshold equation is the
identical, except g. must replaced by gi". That result can be understood intuitively as follows: if
spike initiation is electrotonically far from the soma, then the coupling conductance is small and
g1, is the leak conductance near the initiation site; if spike initiation is near the soma (which
seems to be the case), then the soma and AIS are close to isopotential, so that g; is the total

conductance over the two compartments. Experimental studies have shown that spikes are
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initiated about 50 pm from the soma [1, 2]. The coupling conductance is g, =%, where

d = 1 — 2 um is the average diameter of the AIS, [ =® 35 — 50 pm is its length and R; = 100 Q.cm
is the intracellular resistivity, yielding g. = 30 — 90 nS, which is very high. Indeed, assuming the
somatic surface is about 1500 um? [3] and G, ~ 0.1 mS/cm?, the total somatic leak conductance
is only g;°™* ~ 1.5 nS. Therefore, for the threshold calculation, we can assume that the soma
and AIS are isopotential. However, the conductances are not homogeneously distributed on both
sites, so that all conductances should be calculated as g = GsomaSsoma + GaisSars (Ssoma and Sais

are the somatic and AIS areas, respectively), as explained in Results.

where g; = gilS + gioma and I" and E." are constants (their value is irrelevant here).

Forward and backward propagation

The two-compartments model may be used to calculate the propagation delay between the soma
and initiation site. Because of the geometrical asymmetry, the forward and backward delays are
different.

Firstly, below threshold, the difference u = V,;¢ — V;pmq follows a linear differential equation:

du Ty |
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is the time constant, and C is the specific membrane capacitance (about 0.9 pF/cm?, Gentet et al.,
2000 [4]). Using the values above, we find 7,, ® 25 — 100 ps, meaning that the voltage at the AIS
follows that at the soma with a very short delay (below threshold). When a spike is initiated in
the AIS and backpropagated, the characteristic time constant of the somatic membrane equation
gives us the backpropagation delay (which is an integration delay):

Csoma ~ CSsoma
91’ + gc Je

With the same parameter values as previously, we obtain 74, = 100 — 900 ps. Palmer and
Stuart (2006) reported Tgp;x. = 150 ps in layer 5 pyramidal neurons [5]. An interesting point to

Tspike =



note is that passive forward propagation is significantly faster than action potential
backpropagation, as observed experimentally, simply because the axon is smaller than the soma.
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