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Deriving pairwise network equations for heterogeneous networks

In the main text, the pairwise equations were derived assuming all individuals had the same number of

contacts. This allowed us to reduce the dynamics to three differential equations (after applying a moment

closure approximation) tracking the changes in the number of pairs of the form [AB] . Now we relax the

assumption of homogeneity, and track pairs for each class of individuals, where classes are defined by the

total number of contacts an individual has. This analysis follows that presented in Eames and Keeling, 2002

[1].

Term Description
a rate of spontaneous infection
g rate of recovery
β rate of transmission through contact

[n] # of individuals with n contacts
[nm] # of pairs of individuals with n and m contacts

[A] # of A individuals
[An]∗ # of A individuals with n contacts

[AnBm] # of edges between an An and a Bm individual

[AnB]∗ =
∑
m

[AnBm] # of B contacts of all An’s

[AnBmCq] # of triples with Bm having both An and Cq as contacts

Table 1: notation used in pairwise equations for heterogeneous networks

Table 1 summarizes the types of variables tracked with this approach. After describing some variables in

terms of others, only those that are starred (*) remain, for a total of 3k equations, where k is the maximum

number of contacts of any individual in the network. Whenever there is a sum, it is over all possible values

for the number of contacts an individual has, i.e
∑
n

implies

k∑
n=0

. Note that while in the main text we wrote

equations for the fraction of individuals in various classes, here we have left the equations for the absolute
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numbers, for simplicity of notation.

d

dt
[In] = β[SnI] + a[Sn] − g[In]

d

dt
[InI] =

∑
m

d

dt
[InIm] = β(

∑
m,q

([InSmIq] + [IqSnIm]) + [SnI] + [InS]) + a([SnI] + [InS]) − 2g[InI]

d

dt
[SnI] =

∑
m

d

dt
[SnIm] = β(

∑
m,q

([SnSmIq] − [IqSnIm]) − [SnI]) + a([SnS] − [SnI]) + g([InI] − [SnI])

(1)

Many variables on the right hand side of these equations can be simplified until only 3k variables remain

(equal to the number of equations). Firstly, triples can be reduced to pairs using the moment closure

approximation [2]:

[AnBmCq] =
(m− 1)

m

[AnBm][BmCp]

[Bm]
(1 − φ+ φCAnCq ) (2)

CAnCq =
[n][q]

[nq]

[AnCq]

[An][Cq]
(3)

(4)

We still assume there is one φ that describes the whole population. We could have φnmq, though this

would be unnecessarily complicated for most applications. Furthermore, we can approximate pairs of the

type [AnBm] in terms of the smaller set of pairs of the type [AnB] using:

[AnBm] =
[AnB][BmA]

[AB]

[nm]
∑

q q[q]

nm[n][m]
(5)

Finally, since all individuals are either infected or susceptible, we can use:

[InS] = n[In] − [InI]

[SnS] = n[Sn] − [SnI]

[I] =
∑
n

[In]

[S] = N − [I]

(6)
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This results in 3k equations and variables. If we want to find the spatial correlation discussed in the

paper, we can use:

CAB =
[AB]∑

n,m

[nm]

[n][m]
[An][Bm]

(7)
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