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Supporting Information

Qualitative Analysis of the SIRS Model

In this section we offer proofs of the claims made throughout section Qualitative analysis of the SIRS
models
First, we examine the behavior of the SIRS model with LHD incidence rate. In order to exhibit that this
model does not have periodic solutions in T we substite S = N − I −R, which leads to the system

dI

dt
= β

I

I + α

I

N
(N − I −R)− (ν + µ)I = X, (1)

dR

dt
= νI − (γ + µ)R = Y. (2)

Now, using the Dulac function D(I,R) = 1, it follows that

∂(DX)

∂I
+
∂(DY )

∂R
= − β

N

2I3 + 3I2α

(I + α)2
− (ν + µ)− (γ + µ) < 0.

implying that the model does not have periodic solutions in T . Regarding the stationary solutions of this
model, equating the derivatives to zero

µN − µS − β

N

I2

I + α
S + γR = 0,

β

N

I2

I + α
S − (ν + µ)I = 0, νI − (γ + µ)R = 0,

we obtain that there is a disease free equilibrium (N, 0, 0), and two endemic equilibria given by

I1,2 =
N

2

γ + µ

ν + γ + µ

[(
1− 1

R0

)
±

√(
1− 1

R0

)
− 4

ν + γ + µ

γ + µ

Nα

R0

]
, R1,2 =

ν

γ + µ
I, S1,2 =

N

R0

I + α

I
.

The characteristic polynomial of the linearized SIRS model with LHD incidence rate is given by

p(λ) =

∣∣∣∣∣∣∣
−µ− β

N
I2

I+α − λ − β
N
I2+2Iα
(I+α)2 S γ

β
N

I2

I+α
β
N
I2+2Iα
(I+α)2 S − (ν + µ)− λ 0

0 ν −(γ + µ)− λ

∣∣∣∣∣∣∣ (3)

=

∣∣∣∣∣∣
−µ− λ −µ− λ −µ− λ
β
N

I2

I+α
β
N
I2+2Iα
(I+α)2 S − (ν + µ)− λ 0

0 ν −(γ + µ)− λ

∣∣∣∣∣∣ (4)

= −(µ+ λ)

∣∣∣∣∣∣
1 1 1

β
N

I2

I+α
β
N
I2+2Iα
(I+α)2 S − (ν + µ)− λ 0

0 ν −(γ + µ)− λ

∣∣∣∣∣∣ (5)

= −(µ+ λ)

[(
β

N

I2 + 2Iα

(I + α)2
S − (ν + µ)− λ

)
(−(γ + µ)− λ) +

β

N

I2

I + α
((ν + γ + µ) + λ)

]
(6)
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At the disease free equilibrium the characteristic polynomial is

p(λ) = −(µ+ λ)((ν + µ) + λ)((γ + µ) + λ).

Since all roots are negative, the disease free equilibrium is inconditionally asymptotically stable.
On the other hand, at the endemic equilibria, the caracteristic polynomial is

p2(λ) = −(µ+ λ)

(
λ2 +

(
(γ + µ) +

ν + µ

Ii + α

(
R0

N
I2i − α

))
λ+

ν + µ

Ii + α

(
R0

N
I2i (ν + γ + µ)− (γ + µ)α

))
,

where I1,2 are defined above. The stability of the endemic points is determined by the sign of the constant
term

(
R0

N I2i (ν + γ + µ)− (γ + µ)α
)
. Substituting Ii we obtain that the stability of the endemic points is

determined by the sign of

M =

(
(R0 − 1) +

√
(R0 − 1)

2 − 4
ν + γ + µ

γ + µ

R0α

N

)2

− 4
ν + γ + µ

γ + µ
1.60902719821e− 06

R0α

N
, (7)

N =

(
(R0 − 1)−

√
(R0 − 1)

2 − 4
ν + γ + µ

γ + µ

R0α

N

)2

− 4
ν + γ + µ

γ + µ

R0α

N
, (8)

for EE1 and EE2 respectively.

Now, let us consider a right triangle with hypotenuse |R0 − 1| and catheti
√

(R0 − 1)2 − 4ν+γ+µγ+µ
αR0

N

and
√

4ν+γ+µγ+µ
αR0

N . The following statements follow immediately: Both, M > 0 and N < 0 if an only if

R0 > 1. Both, M < 0 and N > 0 if and only if R0 < 1. Therefore, EE1 is asymptotically stable and
EE2 is a saddle point if and only if R0 > 1. Similarly, EE1 is a saddle point and EE2 is asymptotically
stable if and only if R0 < 1.
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Î 0
b 0

b 1
α

µ
ν

σ
c

k
w

w̄
L
o
n
d
o
n

C
la

ss
ic

3
2
4
9
4
4
0

1
.4
7
4
e
+
0
5

1
.1
7
8
e
+
0
2

1
.5
9
6
e
+
0
3

5
.0
2
1
e
-0

2
N

A
0
.0

2
7
3
.0

4
5
.6

2
5

1
.9
0
0
e
-0

1
N

A
N

A
L

H
D

3
2
4
9
4
4
0

1
.5
2
5
e
+
0
5

1
.5
3
3
e
+
0
2

1
.5
4
2
e
+
0
3

4
.8
0
4
e
-0

2
1
.5
2
3
e
-0

5
0
.0

2
7
3
.0

4
5
.6

2
5

1
.9
4
3
e
-0

1
N

A
N

A
B
ir
m

in
g
h
a
m

C
la

ss
ic

1
1
0
6
4
6
5

5
.8
1
2
e
+
0
4

6
.2
2
9
e
+
0
1

1
.3
3
1
e
+
0
3

1
.5
0
3
e
-0

1
N

A
0
.0

2
7
3
.0

4
5
.6

2
5

2
.3
0
9
e
-0

1
N

A
N

A
L

H
D

1
1
0
6
4
6
5

6
.2
1
4
e
+
0
4

9
.1
7
1
e
+
0
1

1
.2
5
4
e
+
0
3

1
.4
5
6
e
-0

1
1
.5
7
4
e
-0

8
0
.0

2
7
3
.0

4
5
.6

2
5

2
.4
1
1
e
-0

1
N

A
N

A

T
h

e
es

ti
m

a
te

d
p

a
ra

m
et

er
s

a
re

in
b

o
ld

fa
ce

.


