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In this paper we consider a TASEP model of translation in which there are a finite number of tRNAs,
meaning the elongation rate is dynamic; we also include implicitly the fact that ribosomes obscure several
codons as they move along the mRNA. For the case of uniform (mono-codon) mRNAs, models with finite
tRNAs and extended ribosomes have been examined in isolation (in [1, 2] and [3, 4] respectively); here
we present a derivation for the model which includes both of these features.

In [3] for a TASEP with particles (ribosomes) of length w the authors calculate the current J in the
low density (LD) phase by considering the occupation probability of each of the first w sites; similarly
in the high density (HD) phase - where exit from the lattice is the limiting process - J is calculated by
considering the occupation probability last w sites. For the maximal current (MC) phase they treat the
system as a 1D gas of hard rods on a discrete lattice (a discrete Tonks gas) and calculate the current by
writing down the partition function for this system. They assume a constant hopping rate k, giving the
following equations

LD : J = α(1−α/k)
1+(w−1)α/k , ρ =

α/k

1 + (w − 1)α/k
(1)

HD : J = β(1−β/k)
1+(w−1)β/k , ρ =

(1− β/k)
1 + (w − 1)β/k

(2)

MC : J = k
(1+

√
w)2

, ρ =
1

w +
√
w
. (3)

Since these have been derived using probabilistic arguments, to include finite number of tRNAs we can
directly substitute the constant k by the charged tRNA dependent rate k → k(T (t)). From [1] the
differential equation which describes the use and recharging of charged tRNAs T is

dT

dt
=

V (T̄ − T (t))
Km + T̄ − T (t)

−
∑

L′
kρi(1− ρi+1),

where the sum is over all L′ codons which require an aa-tRNA for elongation. We use no subscript
on V, T,Km since we consider here a mono-codon mRNA (a single type of tRNA). At steady state
(dT/dt = 0) we identify the term under the sum as the current, and since k = rT (t) we can write

k = rT̄ − rL′KmJ

V − L′J
,

i.e., k is a function of J . Inserting this into the above equations for the current and then solving for J
gives equations for the current and density in each phase.

In the LD phase nearly all of the tRNAs are charged. Hence k is approximately constant k ≈ rT̄ and
Eq. (1) holds. The system will enter the limited resources (LR) regime if the rate at which aa-tRNAs are
used approaches the rate at which bare tRNAs are recharged. In the LD phase for low initiation rate we
can assume that the ribosomes are well spaced, so that the rate of aa-tRNA use is approximatly equal
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to the number of particles on the lattice multiplied by the hopping rate. Using Eq. (1) and k ≈ rT̄ the
aa-tRNA use rate is

φ ≈ L′ρk ≈ L′α
1 + (w − 1)α/(rT̄ )

.

The maximum recharging rate is achieved when T (t) = 0, i.e., this rate is

ψ ≈ V T̄

T̄ +Km
.

Equating these two rates gives the value of α at which we expect to see the onset of LR

αLR ≈ V

L′
rT̄

r(Km + T̄ )− (w − 1)T̄ 2 V
L′
. (4)
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