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In this supplement, we describe the general Bayesian modeling approach, the mathematical details of the model, and the computational techniques used to perform inference and model selection.
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Probabilistic Models for Food Webs

In this paper, we use probabilistic modeling as a tool for formalizing hypotheses about food web
structure. We treat a food web, an observed network of who eats whom in an ecosystem, as data.
We start with the basic question: assuming a probabilistic model of food web structure, what is
the probability of observing this particular real-world food web? This probability is referred to as
the likelihood of observing the data, given model parameters. In a maximum-likelihood framework,
the mechanical part of the inference process is to find the set of model parameters that makes the
likelihood as great as possible, with the interpretation that this represents the best point estimate
of the underlying process.
We begin with the group model of Allesina and Pascual [1], which was originally treated in a
maximum-likelihood framework. Conceptually, this model encodes the simple hypothesis that
species can be divided into groups, and species in the same group have statistically similar behavior:
they tend to consume species in certain groups and tend to be consumed by species in certain groups.
Specifically, the probability that a species belonging to group i is eaten by a species belonging to
group j is given by pij , and conversely, the probability of a link being absent is (1 − pij ). If
there are K groups, then a matrix P of K 2 link probabilities is required to completely describe
the relationships among all groups. The likelihood for the whole network is the product over all
pairs of species of the probability of a link being present (if present) or absent (if absent). In the
statistical literature, this model structure is known as a stochastic block model [2]. The assignment
of species to groups is also an unobserved parameter in this model, which adds a layer of difficulty to
parameter estimation. For example, in a network of 100 species, there are approximately 5 × 10115
different ways to partition the network into groups (see Methods). That is, if you had a computer
that could process 1080 partitions (as many partitions as there are atoms in the universe) every
femtosecond (10−15 s), it would take 1.5 × 1013 years to process them all. (By comparison, the
universe is only 1.4 × 1010 years old.)
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The group model allows for a more flexible definition of groups than standard approaches to network
clustering, which find groups that have large numbers of internal connections and relatively few
connections between groups [3]. Because each pij parameter may take any value between 0 and 1,
good model fits may result from other relationships, such as high link density between groups and
low link density within groups, and may accommodate different relationships in different parts of
the network. In general, the best-fitting partitions will try to maximize or minimize the number of
links within specific groups and between specific pairs of groups.

2

Mathematical Formulation of the Group Model

In the group model, a network of N nodes is partitioned into K groups. The groups to which a
potential prey and to which a potential predator belong completely determine the probability that
a feeding relationship exists between them. The assignment of species to groups is given by the
vector G = (g1 , . . . , gn ), with gi ∈ {1, . . . , K}. We refer to this assignment as a set ‘partition,’
in keeping with standard mathematical terminology. The probability that a species assigned to
group i is consumed by a species assigned to group j is equal to pij . This gives a matrix P of K 2
probabilities, containing the probabilities of observing directed links between members of each pair
of groups, and within members of each group.
If we take A to be the directed adjacency matrix of a network, with entries aij equal to 1 if a link
exists from node i to node j, 0 otherwise, then the probability of the network being generated by
partition G and link probabilities P is given by
f (A|G, P) =

K Y
K
Y

Y

pijij (1 − pij )Zij ,

(1)

i=1 j=1

where Yij and Zij are the number of 1-entries and 0-entries in the submatrix of A containing entries
from rows r satisfying gr = i and columns c satisfying gc = j.
In the simplest case, all nodes are assigned to the same group, and the likelihood simplifies to
f (A|p) = pY (1 − p)Z

(2)

where Y and Z are the total number of 1-entries and 0-entries in A.

2.1

Compartmental modification

The group model may be restricted to compartmental partitions by requiring between-group link
probability parameters to be higher than corresponding within-group parameters. A simple way to
fix this requirement is by defining a new parameter qij between 0 and 1, and re-defining values of
pij so that

qij
i=j
pij =
(3)
qij min(qii , qjj ) i 6= j
This way, all between-group parameters are restricted to be less than the within-group parameters
for both groups.
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Bayesian Inference and Priors for the Group Model

In a Bayesian framework, rules of probability are taken to govern both the data and model parameters. Rather than finding the set of parameter values that maximize the likelihood, the goal
becomes to estimate a probability distribution over parameters based on observed data. In this
way, we can directly quantify the uncertainty in our parameters in terms of probabilities. This
permits questions such as: what is the probability that a parameter lies in a particular range?
The name “Bayesian” comes from Bayes’ rule, which tells us how to use conditional probability
statements to infer a posterior distribution, in this case, the probability distribution over parameter
values conditional on having observed the data, Pr(θ|D). If we are dealing entirely with discrete
probability distributions, Bayes’ rule takes its most intuitive form:

Pr(θ)Pr(D|θ)
.
Pr(D)

Pr(θ|D) =

(4)

The numerator of the right-hand-side is the probability of producing the data from the given
parameters: the prior probability of those parameters, Pr(θ), times the probability of producing the
data given those parameters, Pr(D|θ), the likelihood. The denominator is the marginal probability
of observing the data unconditional on the particular parameter values at play, which is simply the
sum of the probabilities
of all the different ways of producing the data using all possible parameter
P
values, Pr(D) = θ Pr(θ)Pr(D|θ). In other words, in order to calculate the posterior probability of
parameters θ, we add up all the different ways of producing the data weighted by their probability,
and then calculate what fraction of that probability came from parameters θ. From here, we
will write these quantities in more general notation, suitable for a mix of discrete and continuous
probability distributions:
f (θ)f (D|θ)
θ f (θ)f (D|θ) dθ

f (θ|D) = R

(5)

where the integral sign represents a multiple integral over discrete and continuous parameters.
In the Bayesian framework, the model includes not only the formulation of the likelihood but
also a prior distribution over parameters. With the group model, this means defining a prior
distribution over both link probabilities and arrangements into groups (“partitions”). In general,
priors may incorporate informed knowledge about the system, but in this case we simply use them
to encode different variants of the same basic model. We use two distributions for partitions and two
distributions for link probabilities, which are combined to form four different model variants.
The two alternative distributions for elements pij of the link probability matrix P are (1) a uniform
distribution between 0 and 1, and (2) a beta distribution with shape parameters α and β, which
are in turn governed by exponential distributions with mean 1. With α and β fixed at their means,
alternative (2) reduces to a uniform distribution; at other values, the distribution may take a
uniform, convex, concave, or skewed shape. Alternative (2) is thus structured hierarchically, with
exponential hyperpriors for α and β governing the beta prior for elements of P.
For partitions, we consider (1) a uniform distribution and (2) a distribution generated by the
Dirichlet process, sometimes referred to as the “Chinese restaurant process” [4]. Alternative (2) is
controlled by an aggregation parameter χ that is in turn drawn from an exponential distribution
with mean 1. The uniform distribution assigns equal prior probability to each possible partition,
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irrespective of the number of groups. Because there are far more ways to partition the network
at an intermediate, but relatively high, number of groups, the uniform prior implicitly biases the
model toward that number. For example, for 100 nodes, the a priori expectation is K = 28
groups. In contrast, the hierarchically structured Dirichlet process prior provides flexibility via the
aggregation parameter χ. When χ is large, partitions tend to have many small groups; when χ is
small, partitions tend to have fewer groups, with a skewed group size distribution.
In order to use the group model for Bayesian inference, we want to infer the posterior distribution
over partitions and parameters,
f (G, P|A) ∝ f (G, P)f (A|G, P).

(6)

This requires specifying a prior distribution over partitions G and link probabilities P. We consider
two priors over G and two priors over P.

3.1

Priors for Partitions

The simplest prior over partitions assigns equal probability to each possible assignment of nodes
into groups. For a network of N nodes, the number of possible partitions is given by the N th Bell
number,
B(N ) =

N
X

S2 (N, K),

(7)

K=1

where S2 (N, K) is the Stirling number of the second kind, the number of ways to partition N
objects into exactly K groups,
 
K
1 X
K−j K
S2 (N, K) =
(−1)
jN .
K!
j

(8)

j=0

Therefore, the prior probability of a particular partition is uniform across all possible partitions
f (G) =

1
,
B(N )

(9)

and the prior probability of having exactly K groups is
f (K) =

S2 (N, K)
.
B(N )

(10)

For partitions, the choice of a uniform prior, although simple, includes hidden assumptions. In
particular, there are far more possible partitions for an intermediate number of groups than a small
or large number, so the prior will implicitly bias results toward that number. For example, with
100 nodes, the distribution is peaked at K = 28 (Figure 1).
An alternate prior for partitioning objects into groups comes from the Dirichlet process, also known
as the “Chinese restaurant process,” which is becoming a standard Bayesian prior for nonparametric
problems [4, 5, 6]. Consider a restaurant with an infinitely large number of infinitely large tables,
all initially empty. The first patron sits alone at the first table, and subsequent patrons may either
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Figure 1: Implicit prior on number of groups with uniform partition prior. The prior
distribution on number of groups K is shown for a uniform partition prior for a network with 100
nodes. The mode of the distribution is at K = 28.
sit at an occupied table or a new table. They choose occupied tables with weight equal to the
number of current occupants, or a new table with weight equal to an aggregation parameter χ. For
example, the second patron will sit at the same table as the first patron with probability 1/(1 + χ).
In fact, because the process is exchangeable, the probability of any pair of patrons sitting at the
table is also 1/(1 + χ). If χ is small, there will tend to be a small number of occupied tables and a
skewed distribution of table sizes; if χ is large, there will be a larger number of tables occupied by
few patrons.
Interpreting tables of patrons as groups of nodes, under the Dirichlet process the prior probability
of a particular partition G is
QK
j=1 (ηj − 1)!
K
f (G|χ) = χ QN
,
(11)
i=1 (χ + i − 1)
where N is the number of nodes in the network, K is the number of groups in the partition, and
ηj is the number of nodes in group j. The prior probability of K groups is
|S1 (N, K)|χK
f (K|χ) = QN
,
i=1 (χ + i − 1)

(12)

where S1 (N, K) is a Stirling number of the first kind, equal to the coefficients on xK in the expansion
x(x − 1)(x − 2) . . . (x − K + 1).
Rather than choosing a fixed value of χ for the prior, we give χ an exponential hyperprior distribution with mean 1:
f (χ) = e−χ
5

χ ≥ 0.

(13)

3.2

Priors for Link Probabilities

Similarly, the elements of link probability matrix P may be given a simple uniform prior over
[0, 1]:
0 ≤ pij ≤ 1.

f (pij ) = 1

(14)

As there may be some regularity in the values of the link probabilities, we also tried a beta
prior:
f (pij |α, β) =

1
pα−1 (1 − pij )β−1 ,
B(α, β) ij

(15)

where B(α, β) is the beta function,
Z
B(α, β) =

1

tα−1 (1 − t)β−1 dt.

(16)

0

The parameters α and β control the shape of the distribution, which may be convex, concave, or
skewed toward 0 or 1. When α = β = 1, the beta prior becomes a uniform distribution.
We use α and β exponential hyperpriors with mean 1:
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f (α) = e−α

α ≥ 0,

(17)

f (β) = e−β

β ≥ 0.

(18)

Markov-chain Monte Carlo Sampling

For networks of any appreciable size, the number of possible partitions is far too large to enumerate,
so we must use a Markov-chain Monte Carlo (MCMC) technique to sample from the posterior
distribution. Here we describe the sampling procedure and the details of the Metropolis-Hastings
proposal distribution used.
We employ the standard Metropolis-Hastings algorithm to sample from the posterior distribution
over partitions and model hyperparameters [7, 8]. The general idea of an MCMC method is to set up
a sequence of dependent samples θ1 , θ2 , . . . that is guaranteed to converge to a target distribution,
in this case the posterior distribution of our model. Starting from the current sample, a change
is proposed, drawn from a proposal distribution over possible changes, q(θ → θ∗ ). This sample is
either rejected, in which case the current sample is repeated, or the proposed sample is accepted
as the new sample. The Metropolis-Hastings acceptance probability,


f (θ∗ ) q(θ∗ → θ)
∗
,
r(θ → θ ) = min 1,
f (θ) q(θ → θ∗ )
guarantees that the sequence of samples will converge to the posterior distribution, f (θ|D) ∝
f (θ)f (D|θ), the prior times the likelihood.
For the group model, the samples θ consist of hyperparameters for the model variant—the Dirichlet
process prior parameter χ and the beta prior parameters α and β—as well as the group count K
and assignment vector G. The link probabilities P governing links between groups are not included,
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because the likelihood function would not be compatible between partitions with different values
of K. One possible solution to this problem would be to include P in the sampling procedure,
restrict K to a particular number for a particular run, and then appropriately weight runs with
different values of K. Another approach is reversible-jump MCMC [9], which appropriately handles
a mapping between two different parameter spaces as part of the Metropolis-Hastings proposal ratio.
(We tried a reversible-jump scheme, but chains tended to get stuck at local maxima.)
Instead of trying to sample values of P, we use the marginal likelihood of a partition given model
hyperparameters—that is, the posterior distribution, conditional on values of α, β, and G, integrated over all possible values of P—directly in the Metropolis-Hastings procedure. This is possible
because the marginal likelihood of a single partition can be calculated analytically.
For a beta prior over link probabilities, the likelihood of G, α and β marginalized over all possible
values of P is
Z
f (P|α, β)f (A|G, P) dP
(19)
f (A|G, α, β) =
=

P
K
K Z 1
YY
i=1 j=1 0

=

K Y
K Z
Y
i=1 j=1 0

=

1

1
Y
pα−1 (1 − pij )β−1 pijij (1 − pij )Zij dpij
B(α, β) ij

(20)

1
Y +α−1
p ij
(1 − pij )Zij +β−1 dpij
B(α, β) ij

(21)

K Y
K
Y
B(Yij + α, Zij + β)
.
B(α, β)

(22)

i=1 j=1

Similarly, for a uniform prior over link probabilities, the marginal likelihood of a particular partition
is simply
f (A|G) =

K Y
K
Y

B(Yij + 1, Zij + 1).

(23)

i=1 j=1

4.1

Proposal distribution

For the case of uniform priors on partitions and link probabilities, the proposal distribution only
allows changes to the partition. With the Dirichlet process prior on partitions and the beta prior
on link probabilities, hyperparameters χ, α, and β can also be changed.
The proposal distribution is described as follows:
1. Each hyperparameter h (α, β, and χ) is chosen for update with probability ph , where ph are
tuned to improve convergence. A proposed new value h0 is drawn from a uniform distribution
between max(0, h − rh ) and h + rh , where rh is a proposal radius manually tuned to improve
convergence. (A scale-free proposal could easily be used instead, and may require less tuning.)
P
2. With probability (1 − h ph ), a group-change move is proposed:
(a) A node i is chosen uniformly at random as the one to be moved.
(b) Another node j 6= i is chosen uniformly at random.
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(c) If i and j are in different groups, node i is moved into the group of node j. If i and j
are in the same group, node i is moved into a new group.
The proposal ratio for parameter-change proposals is 1, since a uniform proposal distribution is
used, except near zero, where it becomes
q(h∗ → h)
h + rh − max(h − rh , 0)
= ∗
.
∗
q(h → h )
h + rh − max(h∗ − rh , 0)

(24)

The proposal ratio for group-change proposals is non-uniform. If both groups are nonempty to
start, N is the total number of nodes, Ni is the starting size of the group the node starts in, and
Nj is the starting size of the group the node is moving to, then the probability of a forward move
for any node going from group i to group j is
q(i → j) =

1 Nj
,
N N −1

(25)

1 Ni − 1
,
N N −1

(26)

and the probability of the reverse move is
q(j → i) =
resulting in a proposal ratio of
q(j → i)
Ni − 1
=
.
q(i → j)
Nj

(27)

In the case of choosing a new group, the probability must be adjusted:
q(i → j∅ ) =

1 Ni − 1
.
N N −1

(28)

In general, then, the proposal ratio becomes
q(j → i)
Nr
=
q(i → j)
Nf

(29)

where Nf = Nj if the destination group j exists, Ni −1 otherwise, and Nr = Ni −1 if the destination
group i exists (in the reverse move), Nj otherwise.

4.2

Metropolis-coupled MCMC

Although the Metropolis-Hastings algorithm is guaranteed to converge to the target distribution at
some point, local maxima in the likelihood surface can cause a chain to become stuck for long periods
of time. One approach to avoiding this problem, known as “Metropolis coupling,” involves running
multiple chains in parallel. One chain, the “cold chain,” explores the target distribution, while the
other chains, “hot chains,” explore low-likelihood configurations more freely. Periodically, swaps
are proposed between chains, allowing good configurations discovered on hot chains to propagate
toward the cold chain.
Rather than exploring the target distribution f (θ|D) ∝ f (θ)f (D|θ), heated chains explore
fτ (θ|D) ∝ f (θ) [f (D|θ)]τ
8

τ ∈ [0, 1],

(30)

where τ is a heating parameter. We use linearly spaced values of τ , with the hottest chain exploring
the prior (τ = 0) and the coldest chain exploring the posterior (τ = 1).
Swap moves are standard Metropolis-Hastings proposals, but rather than considering a change to
a single chain, they consider a change to the joint distribution of two chains. The acceptance
probability is thus the ratio of the joint distribution after and before the move:
f (θj ) [f (D|θj )]τi f (θi ) [f (D|θi )]τj
f (θi ) [f (D|θi )]τi f (θj ) [f (D|θj )]τj


f (D|θi ) τj −τi
,
=
f (D|θj )

r ((θi , θj ) → (θj , θi )) =

(31)
(32)

where θi , θj are the configurations that begin in chains i and j, and τi , τj are the heat parameters
of the two chains.
The use of multiple heated chains has the side effect of drastically improving estimates of marginal
likelihoods for model selection, as described in the next section.

5

Model Selection via Marginal Likelihood

The Bayesian framework provides a natural way to make probabilistic inferences based on a particular model. However, we also want to be able to choose between different models by quantifying
their relative goodness of fit. One approach to Bayesian model selection can be framed directly in
terms of Bayes’ rule, mirroring the process for estimating the posterior distribution over parameters
for a single model.
Consider two models, M1 and M2 , to which we assign prior weight Pr(M1 ) and Pr(M2 ). After
the data has been observed, we can calculate the posterior probability of the models using Bayes’
rule:
Pr(M1 |D) =

Pr(M1 )Pr(D|M1 )
,
Pr(D)

(33)

Pr(M2 |D) =

Pr(M2 )Pr(D|M2 )
,
Pr(D)

(34)

where the denominator is equal to the probability of observing the data unconditional of the particular
model at play, Pr(D) = Pr(M1 )P R(D|M1 ) + Pr(M2 )P (D|M2 ). The probabilities Pr(D|M1 ) =
R
f
(θ
1 )f (D|θ1 ) dθ1 and Pr(D|M2 ) = θ2 f (θ2 )f (D|θ2 ) dθ2 are the marginal likelihoods of the two
θ1
models, corresponding to the denominator in Equation 5. If we give the two models equal prior
weight, then the relative posterior weight of the two models is simply given by the marginal likelihoods. This reasoning extends naturally to any number of models.
The ratio of the marginal likelihoods is often called the Bayes factor [10, 11, 12], and is equal to
the posterior odds ratio of the two models, assuming equal prior weight:
B12 =

Pr(D|M1 )
Pr(D|M2 )
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(35)

The Bayes factor provides a convenient way to compare models: if B12 = 10, then we consider
support for model M1 to be ten times stronger than model M2 . In AIC-based model selection, the
Bayes factor is analogous to a ratio of Akaike weights [13].
The marginal likelihood of a model is the likelihood averaged over the prior distribution. That is,
it is the likelihood one would expect by randomly sampling parameters from the prior distribution:
Z
f (D|M ) = f (θ)f (D|θ) dθ .
(36)
θ

This value serves as a useful measure of model fit because it directly incorporates the dependence of
the likelihood on uncertainty in parameter values, implicitly penalizing extra degrees of freedom [14].
If an additional parameter improves the maximum likelihood but decreases the average likelihood,
the model suffers from overfitting relative to the simpler model.

5.1

Marginal likelihood for the group model

The marginal likelihood for the group model involves integrating over all hyperparameters, partitions, and link probabilities. For the model with uniform distributions over partitions and link
probabilities, the marginal likelihood is
X
f (A|Mu,u ) =
f (G)f (A|G)
(37)
G

=

X
G



K K
1 Y Y
B(Yij + 1, Zij + 1) .
B(N )

(38)

i=1 j=1

With a Dirichlet process prior over partitions and a uniform distribution over link probabilities,
the marginal likelihood is similarly
Z ∞
X
f (A|Md,u ) =
f (χ)
f (G|χ)f (A|G) dχ.
(39)
0

G

Using a uniform prior over partitions and a beta prior over link probabilities yields
Z ∞
Z ∞
X
f (A|Mu,b ) =
f (G)
f (α)
f (β)f (A|G, α, β) dβ dα .
0

G

(40)

0

Combining both gives
Z
f (A|Md,b ) =

f (χ)
0

5.2

∞

X

Z
f (G|χ)

G

∞

Z
f (α)

0

∞

f (β)f (A|G, α, β) dβ dα dχ.

(41)

0

Marginal likelihood estimation

As enumeration across all possible partitions is impossible for networks of any significant size, we
would like to use MCMC to estimate the marginal likelihood for the sake of comparison among
different models. Marginal likelihood estimates derived from a single chain, such as the harmonic
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mean estimator of Raftery [12], converge very slowly, because MCMC fails to sample sufficiently
from low-likelihood areas. However, it is possible to use the information gathered about lowlikelihood areas in heated chains using a technique called thermodynamic integration [15, 16], or
path sampling [17].
Assuming a continuum of heated chains, the thermodynamic estimator for the log-marginal likelihood is
Z 1 X
m
1
log L̂(M ) =
π(θi,τ ) log L(θi,τ ) dτ
(42)
0 m
i=1

where m is the number of samples in the MCMC output, and θi,τ is a single sample from the output
in a chain with heat parameter τ [16]. With a finite number of chains, we use the trapezoid rule to
numerically integrate this integral, using uneven spacing of heats to improve the estimate [18].

6

Consensus Partitions

The output of an MCMC simulation includes a long sequence of network partitions representing
draws from the posterior distribution over partitions. As these partitions are potentially all distinct
from each other, but represent similar tendencies of species to be grouped together, it is useful to try
to summarize the information contained in all the samples in a more compact form. One approach
is to construct a pairwise “affinity matrix” for species in the food web, with entries equal to the
posterior probability that two species are in the same group. A visual representation of this matrix
can illuminate the group structure, and a consensus partition can then be constructed from this
matrix using a simple clustering algorithm.
The full output of an MCMC chain from the group model includes an extremely large number of
different partitions, and, for the sake of interpretation, it is desirable to seek a consensus partition
that does a reasonable job of summarizing the distribution. We use a simple, computationally
inexpensive method to accomplish this task: in short, clustering the nodes in the network based on
a pairwise affinity matrix matrix.
The affinity matrix M is the posterior probability that two nodes are in the same group and 0
otherwise, that is,
X
M=
P (G|A)MG ,
(43)
G

where an entry MG is 1 if nodes i and j are in the same group, that is,
MG,ij = δGi ,Gj ,

(44)

where δ is the Kronecker delta and G is the assignment vector for the partition. This matrix
is estimated from MCMC output as the fraction of MCMC samples in which the corresponding
species are in the same group:
M̂ =

N
1 X
MGi .
N
i=1

11

(45)

A consensus partition is formed by applying a hierarchical clustering algorithm to the affinity matrix
estimate M̂, and then cutting the dendrogram at some number of groups K, forming a consensus
partition with assignment vector GK and affinity matrix MK . The goodness of fit of a consensus
partition is simply measured as the correlation between M̂ and MK ). The best consensus partition
is thus identified using the value of K that gives the highest correlation.
We use the average-linkage clustering algorithm [19] as implemented by the hclust function in
the R software package [20], treating 1 − M̂ as distance matrix. We find that the average-linkage
algorithm produces higher correlations than the other algorithms implemented as well as ideal K
close to the mean K in the MCMC output. Furthermore, we find that consensus partitions produce
higher correlations with the M̂ than any individual partition in the MCMC output.
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