
Text S1 Analysis of quenched oscillator system for satisfying the three conditions for Turing insta-
bility

To obtain parameter constraints for Turing instability, wefirst linearize the reaction terms in (6)-(16) at the steady state
(m̄C , p̄C , m̄TO, p̄T , m̄L, p̄L, m̄I , p̄I , Ā, p̄RA, m̄TQ) and obtain the Jacobian matrix:

J =





































−γmO 0 0 −b4 0 0 0 0 0 0 0
ǫC −γC 0 0 0 0 0 0 0 0 0
0 0 −γmO 0 0 −b6 0 0 0 0 0
0 0 ǫTO −γT 0 0 0 0 0 0 ǫTQ

0 −b2 0 0 −γmO 0 0 0 0 0 0
0 0 0 0 ǫL −γL 0 0 0 0 0
0 0 0 −b42 0 0 −γmQ 0 0 0 0
0 0 0 0 0 0 ǫI −γI 0 0 0
0 0 0 0 0 0 0 v3 −a9 a10 0
0 0 0 0 0 0 0 0 c9 −a10 0
0 0 0 0 0 0 0 0 0 b10 −γmQ





































,

where we use the parametersαC = p̄C/KC , αT = p̄T /KT , αL = p̄L/KL, andαA = Ā/KA to obtain the off-diagonal
entries:
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Josc is the6× 6 principal submatrix ofJ , which corresponds to the first loop – the standard repressilator system (cI-lacI-tetR).
AHL is the only diffusible species, soD = diag{0, 0, 0, 0, 0, 0, 0, 0, dAHL, 0, 0}.

Condition 1: The oscillator loop by itself would produce oscillations (Josc is unstable).

The eigenvalues ofJosc are the roots of:

det(λI − Josc) = (λ+ γmO)
3(λ+ γp)

3 + ǫCǫTOǫLb2b4b6. (S.1)

It can be shown [s9] that instability ofJosc is achieved when:
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whereβ = γp/γmO andX = − 1
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3
√
ǫCǫTOǫLb2b4b6. Substituting steady-state expressions and rearranging,we arrive at

the following expression forX:
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where the additional variableαRA ≥ 0 is defined by the relation:
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Condition 2: The quenching loop ceases oscillations in the full system (J is stable).

The eigenvalues ofJ are the roots of:

det(λI − J) = det(λI − Josc)(λ+ γI)(λ+ γmQ)
2[(λ+ a9)(λ+ a10)− c9a10] + F (λ+ γmO)

3(λ+ γp)
2, (S.4)

whereF = v3ǫIǫTQc9b42b10 characterizes the feedback strength. To quench the oscillatory modes ofJosc, F must be a value
such that all of the eigenvalues ofJ have negative real part. Substituting steady-state expressions and rearranging, we arrive at
the following expression forF :

F = γT γIγAγ
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Condition 3: Diffusion will weaken the quenching loop’s influence on the oscillator loop for high wave numbers, allowing
spatio-temporal oscillations to emerge (J + λkD is unstable for somek ≥ 1).

ForΩ = [0, L], λk = −(kπ/L)2 for eigenfunctionscos(kπ
L
x). J + λkD looks identical toJ except for the AHL entry of

the diagonal, which is now defined as−â9 = −c9 − γA + λkdAHL. This leads to:

det(λI − (J + λkD)) = det(λI − Josc)(λ+ γI)(λ+ γmQ)
2[(λ+ â9)(λ+ a10)− c9a10] + F (λ+ γmO)

3(λ+ γp)
2, (S.6)

which yields unstable roots for large enoughλkdAHL. This implies that, for diffusion-driven patterning, we need a large
diffusion coefficient, a large wave number, or a small spatial domain. Letdthresh be the instability threshold for a particular set
of parameters, that is, (S.6) becomes unstable when:

(kπ/L)2dAHL > dthresh.

This expression can be rewritten in terms of the spatial wavelengthωx as:

ω2
x < 4π2dAHL/dthresh.

This maximum unstable wavelength is a convenient formulation because it applies to any chosen spatial domain size.
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