Supplementary results

Analytical determination of the number of circuits per k-function

Here we analytically determine the number of circuits per k-function for three-gene circuits. This number,
which we also refer to as genotype set size, depends on the number of unique states each circuit encounters
in mapping its initial states to equilibrium states. As in the main text, we only consider functions where
S0 is a fixed-point. We refer to functions with Sy = S, as identity functions, and to functions with
So # S as transition functions.

For a given k-function, let I denote the number of identity functions, and let T denote the number
of transition functions. We use the notation (I,T) to represent the composition of a k-function. For
example, the bifunction F(V : ((0,0,0) ~ (0,0,0)), F® : ((0,0,1) — (0,1,1)) has I = 1 and T = 1.
Its composition is therefore represented as (1,1). Similarly, the composition of a trifunction with I = 2
and T =1 is represented as (2,1). Each k-function has a only limited number of possible compositions,
due to the finite number of possible states 2V (Table S1). For each value of k, this number of possible
compositions is identical to the number of unique genotype set sizes shown in the inset of Fig. 3. This
already hints that the number of circuits per k-function depends solely upon the k-function’s composition.
Below we show that this is indeed the case, by explaining how the number of circuits with a given k-
function can be enumerated exactly.

We explain this enumeration for the simplest case, by considering the two genotype set sizes of
monofunctions (Fig. 3, inset). If the composition of the monofunction is (1,0), then each circuit in the
genotype set assumes only a single state in its “trajectory” from the initial state to the final state, namely
the initial state itself (Sp = S ). This trajectory is dictated by only N entries of the genotype G, because
each unique circuit state corresponds to exactly one entry in each gene’s signal-integration logic (Fig.
1A,B). This means that the other L — N entries of G can take on any value. The corresponding genotype
set size is therefore 2L~V Its fractional size is 2¢—N /2L = 2=V,

If the composition of the monofunction is (0, 1), then each circuit in the genotype set assumes more
than one state in its trajectory from the initial state to the final state. In principle, each circuit may
encounter between 2 and 2% states. If a circuit only encounters two states (i.e., Sy — S ), then 2N
entries of the genotype dictate this trajectory and the other L — 2N entries can take on any value.

Therefore there are 272N circuits that use 2 states to go from Sy to Sao. Similarly, if a circuit assumes



three states (i.e., Sgp — S1 = S ), then 3N entries of the genotype dictate this trajectory and the other
L — 3N entries can take on any value. Since there are 2V — 2 = 6 choices for S;, there are 6 x 2L=3N

2L=4N circuits that use four states,

circuits that use 3 states to map Sy to S,o. Similarly, there are 6 x 5 x
because there are 6 choices for S; and 5 choices for Ss. By extending this argument, it is clear that if a
trajectory from Sy to S, involves a > 1 states, then there are
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monofunctional circuits with that trajectory. Thus, there are
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monofunctional circuits with the composition (0, 1).

The same kind of argument allows us to derive the number of circuits S for any k-function of compo-

sition (I, T). For circuits with N = 3 genes, this number is given by
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We compared the number of circuits with k-functions of composition (I, T) enumerated through this
combinatorial argument to the same number obtained through our exhaustive numerical enumeration of
circuit space. The two numbers coincide exactly for all values of (I,T) in Table S1, demonstrating that

our analytical calculations are correct.



Analytical determination of the number of unique k-functions

Next we analytically determine the number of unique k-functions, motivating our approach with two
simple examples and using the terminology developed in the preceding section.

In the first example, we consider monofunctions (kK = 1). These can have one of two compositions:
(1,0) or (0,1) (Table S1). In the former case, there are (in ) = 8 unique possibilities, each corresponding
to a different identity function. In the latter case, there are 8 possible choices for the initial state and 7
possible choices for the equilibrium state resulting in P22N = 56 unique possibilities, where P denotes the
permutation function. Thus, there are 8 + 56 = 64 possible monofunctions.

In the second example, we consider bifunctions (k = 2). These can have one of three compositions:
(2,0), (1,1), or (0,2) (Table S1). For bifunctions of composition (2,0), there are (g) = 28 unique
combinations of two identity functions. For bifunctions of composition (1, 1), there are (?) = 8 choices
for the identity function, leaving P§ = 42 choices for the transition function. This results in 8 x 42 = 336
unique possibilities. Finally, for bifunctions of composition (0,2), there are P§ = 56 choices for the first
transition function and P¢ = 30 choices for the second transition function. This results in 56 x 30/2 = 840
unique possibilities, where the denominator accounts for the fact that the order of the two functions does
not matter. Thus, there are 28 + 336 + 840 = 1204 possible bifunctions.

This same reasoning can be used to determine the number K of k-functions with any composition

(I, T). This number is given by

K(I,T) = =0 . (4)

This equation can be used to determine the number of k-functions for any £ by summing over all possible
compositions of k functions (Table S1). We have performed this calculation and the numbers match the

results of our exhaustive enumeration (Fig. 2, inset) exactly.

The size of genotype space is equivalent to the number of unique attractor
landscapes
The number of unique attractor landscapes A can be calculated as the number of possible directed graphs

with V' = 2V vertices, in which each vertex has only a single outgoing edge. Each vertex in each graph

represents a circuit state, and directed edges denote transitions between circuit states. This number is



A=VV =2N 2N, which is equivalent to the number of genotypes. Since each genotype corresponds
uniquely to one of these directed graphs, and thus uniquely to one attractor landscape, it immediately
follows that there must be at least one genotype for each k-function. This explains why the analytically
determined number of k-functions K(I,T) (solid line in Fig. 2, inset) is the same as the number of

k-functions observed through exhaustive enumeration (open circles in Fig. 2, inset).

Analytical determination of the number of k-functions with zero robustness

Some k-functions comprise only one genotype, which means they have zero robustness. This occurs when
all 2V circuit states are included as initial or equilibrium states in the k-function. This implies that
k-functions with zero robustness can only occur if k£ > oN /2, because this is the smallest value of k for
which all 2%V states can be involved in the k-function. This explains why in Fig. 3 we only see k-functions
with zero robustness for k > 4. For example, when k = 4, only multifunctions with composition (0, 4)
have zero robustness.

The number of k-functions with zero robustness Ry can be calculated as

oN k!
Ro(k) = ( 3 >(2k_2N),a (5)

where the first term captures the number of ways to choose the equilibrium states and the second term
captures the number of ways to choose the remaining initial states. We have confirmed that Rg(k)
matches the number of k-functions with zero robustness as determined through exhaustive enumeration

(Fig. 3).



