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Text S1 - Derivations of the approximate dynamic equations (Egs. 1-9) from
the kinetic reaction equations

In this section we derive the approximate dynamics of the pseudo-synapses M and the
response protein R from the kinetic reaction equations. The section is divided into
four parts: (1) the derivation of Eq. (1); (2) the derivation of Eq. (3); (3) the derivation
of Eq. (5), and (4) the derivation of Egs. (8-9).

1. Derivation of Eq. (1) with I, that depends on € and U

We assume that the expression of M is regulated by two promoters, denoted by P
and PZ. The promoter Py, mediates the self-regulation of M such that its dynamics
follow the transcription factor (TF)-DNA binding kinetics:

kq
(S1) Py +nM = PLM,
k_q

where k; and k_; are the on and off rate parameters, respectively. The corresponding
kinetics are:

(52) L0l =, (PR 1[MI" — k_y [Py M, ]

where [x] denotes the concentration of x, with the conservation equation
(S3) [P] = [Pyl + [P Mp]
The promoter PZ is regulated by protein U, which signals the US:
k,
(S4) PG +U = PRU
k_
In addition, the complex PZU is regulated by C, which signals the CS:
ks
(S5) PyU +C = PRUC
k_s

The kinetics corresponding to Egs. (S3) and (S4) are

(s6) LY = 1, [PZI[U] + k_s[PFUC] — k_o[PRU] — ks [PRUIIC]




d[pguc]
dt

(S7)

= k3[P7UIIC] — k_3[PGUC]
with the conservation equation
(S8) [P7] = [Piz] + [PizU] + [PiUC]

The two promoters Py, and PZ regulate the synthesis of M’s mRNA, m,,, which is
translated into protein M. The synthesis and degradation equations of m,, are given

by:
(S9) Pl 3 my
[4%]
(S10) PLM,, = my,
(S11) P2 3 m,,
42
(S12) PZU - my,
(S13) PZUC 3 my,
)
S1)my > ¢
The kinetics corresponding to Egs. (59)-S(14) are
(515) UM = o, [Py + @y [Py M,] + a[PG] + au[PRU] + as[PZUC] — 6 - my
The production and degradation of the protein M are given by:
B
(S16) my; » M
S M ¢
with the resulting kinetics
d
(518) X = B - [my] — pays - [M]

In order to derive Eg. (1), we assume that [M] > [P4] and [C],[U] > [PZ] and
therefore, the total concentration of the bound and unbound proteins M, C and U
(IM7], [Cr] and [Ur], respectively) are approximately equal to the concentration of
the unbound proteins ([M], [C] and [U], respectively). Formally,

(S19) [Mr] = [M] + n - [PyM,] ~ [M]
(S20) [Cr] = [C] + [PRUC] ~ [C]

(S21) [Ur] = [U] + [PEUT + [Pz UC] ~ [U]



With these assumptions, the steady state solutions of Egs. (S2), (S6) and (S7) are
given by:

Pl K—l

(522) [Piy] = kS
Pl[M]n
(523) [Pl M, ] = HM

[PF]K; K3
Ky 'Ky +K3 Ul+[C]U]

(S24) [Pyi] =

2111 _ [PF K3 U]
(§25) [PipU] = 1

2 1Kz 1+ K3 U]+([C][U]

2 _ PE[c][U]
(526) [P UCT = K3 'K3 +K5HU]+[C][U]
Assuming that the time-scales of the TF-DNA bindings (Egs. (S2), (S6) and (S7)) are
much shorter than the time scale of mRNA synthesis and degradation (Eg. (S15)), we
substitute Egs. (S22)-(S26) in Eqg. (S15). The steady state solution of the resultant
Kinetics is given by:

_ 1 (au|[Pr]KT +ap[PE|IMI™ | as[PF]K3 K3 +as[PR]K5  [Ul+as[PF]ICI[U]
(827) [mM] - S ( K1_1+[M]n + K2_1K3_1+K3_1[U]+[C][U] )

Furthermore, assuming that the time scale of protein production and degradation (Eq.
(S18)) is much longer than the time scale of mMRNA synthesis and degradation (Eqg.
(S15)), we substitute Eq. (S27) in Eq. (S18), resulting in :

d[M] _ B (aa[PF]Ki +as[PF]IM]" as[PF|Ky 'K3 ' +aq [PF]Ks Ul +as[PR]ICIUTY
(S28) a & ( K1+ [M]n ol Ky k7 +k3 1 [U]+[C][U] )
pm[M]
Denoting by ol =fw[PHKTY  af =EalPHl, oY =K
Tex B —1— Iex B - Iex B Iex 11—
a,™ = ga3[P%]K2 K3t e = ga4[PT2]K3 Loa™ = g“s[P%], a* =Ky 'Kt

and al™ = K31, Eq. (S28) is equivalent to Eq. (1).

2. Derivation of Eq. (3)

We assume that the expression of R is regulated by two promoters, denoted by P2 and
P3. The promoter P2 mediates the regulation of R by the US (UR pathway) such that
its dynamics follow the TF-DNA binding kinetics:

ket
(S29) Pt +U = PiU
kR,



The corresponding Kinetics are:

APVl _ kRPAI[U] - KF,[PRU]

a

(S30)
with the conservation equation

(S31) [Pr*] = [Pg] + [PRU]

The promoter P is regulated by proteins C and M (CR pathway):

ke
(S32) P +C = PiC
kX,

kg
(S33) P2 + nM = PiM,
kR,
ki
(S34) PAC +nM = PiCM,

kR,

The two promoters Pi and P32 regulate the synthesis of R’s mMRNA, mg, which is
translated into protein R. The synthesis and degradation equations of my are given by:

af
(S35) Pt — my

R

(S36) PLU = mp
R

(S37) P2 2 my
R

(S38)P2C = my

R

as
(S39) PAM,, — my

R

e
(S40) P3CM,, = my

SR
(S41) mp = ¢
The production and degradation of protein R are simply given by:

(542) my 25 R

(543) R Lo



As in the derivation of Eq. (1), we assume that [U] > [P3] and [C], [M] >» [PZ] and
therefore:

(S44) [Ur] = [U] + [PRU] =~ [U]
(S45) [M7] = [M] + n - [PEM,] + n - [PRCM,] ~ [M]
(S46) [Cr] = [C] + [PEC] + [PRCM,] ~ [C]

Moreover, we assume that (1) the time-scales of the TF-DNA bindings (Egs. (S29)
and (S32)-(S34)) are much shorter than the time scale of mMRNA synthesis and
degradation (Egs. (S35)-(S41)) and (2) the time scale of protein production and
degradation (Eqg. (S42)- (S43)) is much longer than the preceding time scales.

With these assumptions we substitute the steady state solutions of the TF-DNA
bindings in the mRNA synthesis equations and the state solutions of the mRNA
synthesis in the protein production and degradation equation, yielding

(S47)
drR _
dat
Br,
6R

(af[Pﬁ'l]K;I%mé*[Pﬁ'l][U] N

KT g+[U]

R2],,— - R2]|,,— R2]|,,— - R,2
af|PR? |k kK h+af[PR? | Ko kIC1+aB [PF2 | Ky kK s R Ky R M +a B PF ][C][M]n> e [R]
K3 kK R+ Ko RICIHKG kK3 RK, RIMI™+[ClIM]™ R

Denoting by a? =ZRaR[PRYK;E,  a¥ =ERaR[PRY], a¥ =K1 af™ =
8R ’ 5R ’
BrR R[pR21p—11 -1 cM _ BR _R[pR2]p -1 cM _ BR _R[pR2]1—1 -1
55 13 [PT ]KZ,RKAL,R’ a2 =5, % [PT ]K4,R’ a3 = 5. %5 [PT ]KZ,RKS,RK4,Rv
cMm _ BR _R[pR2 CM _ p-11-1 CM _ -1 CM _ -1 -1
ag —g% [PT ]' as” = K;rKyg, ag” =Kigand a;" = K;rK3rKyr , Eq.

(S47) is equivalent to Eq. (3).

3. Derivation of Eq. (5)

For the derivation of generalized CR pathway in Eq. (5) (the last term in the equation)
we assume for simplicity N independent promoters that regulate R. Each of them acts
in a similar manner to the CR term in the single pathway model (G,). Denoting by

U _ BrR_R[pR11p-1 U _ BR _R[pR1] U _ -1 CM _ pnr.BR _R[pR2]p-11—1
a; = gal [PT ]Kl,R’ a; = aaz [PT ] az = Kig,ai" =N g% [PT ]KZ,RK4-,R'
cM _ BrR R[pR2]p -1 CM _ BrR R[pR2]1 -1 -1 cM _
az - N ) aa‘} [PT ]K4,R’ a3 - N ) gas [PT ]KZ,RK3,RK4,R’ a4_ - N b
f;—;fag [PR?], af™ = K3 Ky %, aS™ = K; 3 and a§™ = K; K3 gKi 3—, the generalized ‘

form of Eq. (S47), with multiple promoters, is equivalent to Eq. (6).



It should be noted that Eq. (5) is also the deterministic approximation of other
processes that do not entail the assumption of different promoters. However, in this
case there are further assumptions on the values of the kinetic parameters. Moreover,
it should be noted that the capacity calculations remain unchanged as long as the
expression of R is a monotonic increasing function of the number of bounded
complexes C; — M;.

4. Derivation of Eqgs. (8-9)

In order to derive Eqgs. (8-9), we first consider the four possible contribution of each
pathway:

(548)

R _ ag]M_'_agM[Clow]_i_a?(‘]M[Mlow]n+agM[Clow] [Mlow]n
00 alM+aSM[clow]+qCM[mlow]" [clow]|[mlow]"

R = afM 4qSM[clow]+qSM [mhigh]™ +o§M [clow][mhigh]”
01 alM1.aSM[clow]4qCM|mhigh]” +[clow][mhigh]"

R — alM 4+ aSM[chigh]+q§M[mlow]" + oM [chigh][miow]"
10 alM4.aSM[chigh]4+qCM[mlow]" +[chigh][miow]"

R = a(l,‘M+a2CM[Chigh]+agM[Mhigh]n+a£M[Chigh] [Mhigh]n
11 =

alM 4 qCM[chigh]+aSM[mhigh]" 4[chigh|[mhigh]™
Thus, G,([C;], [M;]) can be written as:

afM+afM-[cl+a§™ [M]"+a§M [l [M]™

(849) GZ([CL']! [Ml]) = a§M+agM-[Ci]+a(7:M-[Mi]”+[Ci]-[Mi]n
Roo + (1 —¢;) *m; - Roy + ¢;* (1 —my) - Ryg + +¢;*m; » Ryy

=(1-c¢) - A-—m)-

Rewriting Eq. (S49) yields:

(R10—R00)(Ro1—Ro0)
(S50) G, ([C;1, [M;]) = Ryp — (R12+RZZ—R::—RZ:) + (R11 + Roo — R1o — Ro1) -

—(R10—Roo) o —(Ro1—Roo) . (R10—R00)(R01—R00))
(R11+Roo—R10—Ro1) ©  (R11+Roo—Ri0—Ro1) °  (Ri1+Roo—R10—Ro1)?

(Ciml’ —

yielding Eqgs. (8-9).



