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This document provides the proofs and explanations of the analytical results described in the

main text. The results are summarized in the first two sections and the claims are proven in the
two appendices.
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1 The kinase HK is monofunctional

1.1 Reactions, equations and steady states

The model consists of four proteins: a histidine kinase HK, a receiver protein REC, a His-containing
phosphotransfer protein Hpt, and a response regulator RR. Each of these proteins can be either
phosphorylated (in which case we write Xp, where X is one of the four proteins HK, REC, Hpt, and
RR) or unphosphorylated (in which case we write X).

Reactions. The minimal set of reactions that the system has, consists of the autophosphorylation
reaction of HK and the forward phosphorelays:

ks

HK HKp HKp + REC 2~ HK + RECp

RECp + Hpt —*~ REC + Hptp  Hptp + RR —"“> Hpt + RRp.

We study extensions of this minimal reaction mechanism obtained by adding reverse phospho-
transfer reactions involving HK, REC, Hpt and RR, as well as hydrolysis reactions of RECp and
RRp:

HK + RECp 22~ HKp + REC  RECp "~ REC
REC + Hptp > RECp + Hpt RRp -2~ RR
Hpt + RRp —*"> Hptp + RR.

By setting some of the rate constants k., or kp. to zero, we obtain 32 different topologies involving
different combinations of reverse phosphorelay and hydrolysis reactions (Table 1 and Table S1).
The minimal set of reactions is always part of the system, meaning that ks, ks, k4, ks # 0 for all
topologies.

Ordinary differential equations. @ We model the protein concentrations in the system using
ordinary differential equations (ODEs). To simplify the notation, we define:

x1 = [HK] x9 = [HKp] x3 = [REC] x4 = [RECp]
x5 = [Hpt] z¢ = [Hptp] z7 = [RR] zg = [RRp].

The dynamics of the concentrations in time is modeled with a system of ODEs:

21 = —ksx1 — kopx1274 + kowox3

To = ks1 + korx124 — koxow3

3 = —koxox3 + kp124 + korw124 + k3475 — k3,2376
i74 = kngacg — kh1x4 — k27$1.%'4 - k3x4:1:5 + k3,~$3.’L‘6 (Sl)
T5 = —k3xaTs + k3,376 + kaxer7 — karx578

T = k3raws — k3, 1376 — kawer7 + K4rw578
@7 = —kywer7 + kpows + karrsrs
ig = kywewy — kpowg — karxsrs.

We note that

T1 + 29 = 0, T3+ x4 = 0, T5 + x¢ = 0, T7 + 28 = 0.



As a consequence x; + x; 41 is constant for i = 1,3,5,7 and the system has four conserved amounts:
HK¢ot = 21 + 22, RECtot = 23+ x4, Hpteor = x5 + 26, RRtot = 27 + w3,

where HKot, RECiot, Hptiot, and RRyot are positive constants given by the initial concentrations of
the system. To ease the writing, we change the notation to

F = HKtOtu 6 = RECtOt, T = Hpttota R = RRtot-

Steady-state equations. The steady states of the system are found by setting the derivatives,
Z;, of the concentrations to zero, that is, ©; = 0. By equating the right-hand side of the ODEs to
zero we obtain a system of polynomial equations in the concentrations x;.

Due to the existence of conserved amounts, some equations are redundant. For instance, the
first and second steady-state equations are

0= —ksx1 — korx124 + Koxo13, 0 =kszy + kopx124 — ko023,

One equation is minus the other, and hence, if one of them is fulfilled then so is the other. This
happens because z1 + z2 is conserved. In total, four of the steady-state equations are redundant
and must be replaced by the conservation equations. The steady states of the system are thus given
as the solutions to the following system of equations:

52

H (52) 0 = ksz1 + korx1m4 — koxomws (S6)
C=x3+uz4 (S3) 0 = koxoxs — kpixa — kopx124 — kaxazs + ks, 2326 (S7)
T = x5+ z¢ (S4) 0 = kszaxs — ksyr3xe — katexr + kayTsxs (S8)
R=x74+23  (S5) 0 = kyxery — kpoxs — karxsrs. (59)

Only solutions with non-negative solutions are meaningful, that is, all concentrations must be
positive or zero. Therefore, a steady state will always refer to a non-negative steady state.
If the rate constants and the total amounts are known, then we solve this system of equations

to find the steady states. This can be done using mathematical software such as Matlab, Maple, or
Mathematica.

Rearrangement of the steady-state equations. The set of equations (S2))-(S9) can be replaced
by another system of equations that is easier to interpret. We change equations (S6)-(S9) by linear

combinations of them. This process does not change the set of solutions to the system. Specifically,
we replace:

by (S3)+(E9). by 7+E8)+ED. by 9)+ED+E8)+ED.

and leave ([S9)) as it is. This results in the following equivalent system of equations:
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S12) 0 = kszgzs — ksrx3ze — knats
)
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0 = kywexr — kpows — karxsTs,

where — are identical to (S10[)-(S13]), and (S17) is identical to .




1.2 Steady-state relations and signal-response curve

We proceed to find an analytical expression of the signal-response curve. In this system, the signal
is taken to be the value of the rate constant ks, and the response is the steady-state value of the
phosphorylated response regulator (xg) corresponding to ks (with all the other rate constants and
total amounts fixed).

In order to find an analytical relation between ks and xzg, we establish an analytical relation
between each concentration z; and xg at steady state. For some topologies, however, the signal-
response curve is constant. We start by discussing when this is the case and then proceed to study
the remaining topologies.

Topologies with constant signal-response curve. In the following cases, the signal-response
curve is constant and equals RRyo; (i.e. g = R at steady state, for any non-zero value of ks). Hence,
the signal-response curve cannot have hyperbolic or sigmoidal shape, or show ultrasensitivity in these
cases:

[ ] khl = kh2 = 0.
o kpo = k3 = 0.
® kpo = kyr = 0.

The topologies that belong to at least one of the cases above are: topologies 9-13, 15 and
topologies 17-24. All the other topologies have non-constant signal-response curves and all con-
centrations at steady state are non-zero. In particular, if ko # 0, that is, if there is hydrolysis at
RRp, then the signal-response curve is not constant.

These claims are proven in Appendix

Steady-state analytical relations. We have expressed each concentration x; at steady state
as a function of xg. This implies that if the value of xg at steady state is known, then so are the
values of x1,...,z7.

We assume that if kps = 0 then either kpy # 0, k3. # 0 or k4 # 0. That is, we consider
only the cases for which the signal-response curve is not constant. In particular, there are no zero
concentrations at steady state and hence all steady states must be positive at each concentration.

The following lists an iterative way to find the steady-state values of all variables, once the value
of xg is known. These expressions are derived in Appendix using equations — and

(S15)-(517).

Expression Behavior as function of xg

x7 = R — g x7 decreases in xg

T5 = % x5 decreases in g

x6=1T — x5 Tg increases in g (S18)
T3 = % x3 decreases in xg

x4 =0C —x3 T4 increases in Tg

T = kQﬁ?Q;l;T,fz‘thm x1 decreases in xg

x9o=H —x; To increases in g




By plugging in iteratively the explicit expressions in xg we obtain that each variable is expressed
at steady state as the quotient of two polynomials in xg. The steady-state values are all positive if
and only if xg belongs to the interval I = (0, «), where « is the first positive root of the degree-2
polynomial:

g2 (zs) := azsc% + ai1zs + ag (S19)

with
az = kna(ka — kar ) (kp1 + ko) + kio (ks — ksr) + kna(ksks — kapkar )T

a] = — k‘hl(kigré(k‘hg + ki4rT) + k‘hgk’zlﬁ) — khg(kgﬁ(lﬁﬁ + k‘gé) + k‘gk‘4T7R) — koksksHCT
ag = koksksHCTR

(see Appendix for a proof).

Signal-response expression. Using the remaining steady-state equation, (S14|), we express ks
in terms of xg (see Appendix |A.3]):

_ kpiza + kpaxs
X1 '

ks

Since x4 increases in xg and x7 decreases in xg, it follows that ks increases in xg. If we express
x4, 1 in terms of xg using (S18]), we obtain that the exact analytical expression relating ks and zg
is:
wsp1(7s)p2(Ts)
ks = f(xg) = ———————= (S20
° ) q1(28)q2(xs) )

with g2(zg) given as in (S19) and

q1(z) = (kna(ks — ksy) + (ksks — kspkar)T)x — ksksRT,
p1(x) = kno (kn1 (ks — kar) + kna(ks — ksy) + (ksks — kspkar)T)x
— kakno(kn1 + ksT)R — ksrkni (kno + ke T)C,
pa(z) = kna(ka — ko) (ks — kar)z® + koksks RCT+
(kna( Ea(kay — k2)R + (karksy — koks)C ) + (karksrkar — koksks)OT)a.

This function is well defined for zg is in I = (0, a), that is, it is positive and continuous. When zg
approaches « (the upper bound of the interval I), then ks tends to infinity (the denominator of f
tends to zero). Therefore, the image of f is the interval (0, 400). Further the function f can be
differentiably extended at zero such that f(0) = 0.

Given a rate constant ks, there is a unique value of xg for which f(xg) = ks. This value is the
steady-state value of xg corresponding to kg, and the other steady states are found using .

Properties of the signal-response curve. We let ¢ denote the inverse of f, that is,
o(ks) = xg if ks = f(xg).

Using the Inverse Function Theorem, the signal-response function ¢ is continuous and differentiable
in [0,4+00). We do not have an analytical expression for ¢, only of its inverse. However, most of
the information required from ¢ can be retrieved from f:

(i) The function ¢ is increasing.



(ii) « is the maximal value of the response, zg. When the activation rate ks tends to infinity, then
xg approaches a.

(iii) The derivative of ¢ at a point ks = k equals ¢'(k) = 1/ f/(xg) for zs = p(k).
(iv) The second derivative of ¢ at a point ks = k equals ¢” (k) = —f"(xg)/ ' (x5)? for xg = (k).
For example, the derivative of the signal-response curve ¢ at zero is:
ksksHRT
o™ — (S21)
kakna(kn1 + ksT)R + kspkpa (kne + kay T)C

Since f is an increasing function in I, we have that ¢'(k) > 0 for all k¥ > 0 and the sign of the
second derivative of ¢ at k is minus the sign of the second derivative of f at (k).

Practical considerations.
(v) The signal-response curve is plotted by generating points (f(zs),xg).

(vi) The maximal response is easily computed as the first positive root of ga(z), which is a degree-2
polynomial.

(vii) Given ks, the steady-state value of xg is the first positive zero of the polynomial

ksq1(ws)g2(xs) — xsp1(ws)pa(ws).
The other steady-state values are obtained from xg and (S18)).

1.3 Hyperbolic and sigmoidal signal-response curves

Second derivative at zero. A function g(z) that increases at a slower and slower rate is called
hyperbolic, that is the derivative ¢’'(x) of g is decreasing or, alternatively, the second derivative is
negative, ¢”(x) < 0. A function g(z) that initially increases at a faster and faster rate and then
slows down is called sigmoidal, that is, ¢’(x) is initially increasing then decreasing or, alternatively,
g"(x) is first positive and then becomes negative.

It is difficult in general to establish if a curve is sigmoidal or hyperbolic (or none of these) and
we use a simple test to indicate if ¢ is sigmoidal or hyperbolic. If the second derivative of ¢ at zero
is positive, then the first derivative grows indicating that the curve will likely be sigmoidal. If, on
the contrary, the second derivative of ¢ at zero is negative, then the curve is likely to be hyperbolic.
This test is a good indicator of the shape of ¢, but note that the test only considers the behavior
near zero.

We have observed a perfect overlap between the classification obtained using the sign of the sec-
ond derivative only at zero and the classification obtained by checking whether the second derivative
of the entire signal-response curve changes sign (see Methods). This supports that the classification
based on the sign of the second derivative at zero is reasonable.

We compute ¢”(0) using item (iv) above and ¢(0) = 0. Computations are performed in Math-
ematica. The sign of ¢”(0) agrees with the sign of:

S = — kp1 (kar T + kp2) (ksr(kzkgk‘z; — koksykar + korksykay ) CT + kakorksykpo R
+ kna(koks — koks, + kigrkgr)(kqﬁ + kgra))?c

— kQTk‘z;k}hg(k‘gkgr(k‘MT + k‘hg)ﬁ + k}4kh2(kgT + k‘hl)ﬁ) R (S22)
— (karkn1 (ks T + kp2)C + kakpa (k3T + kp1 ) R)?.



If S > 0, then the signal-response curve is classified as sigmoidal. If S < 0, then the signal-response
curve is classified as hyperbolic. If the blue terms are all positive, then the curve is hyperbolic and
hence only if some of the highlighted blue terms are negative can S > 0. Note that the negative

terms in S are multiplied by kp1. Therefore, necessary conditions for ¢ to be sigmoidal are
kpp >0 and (k‘2]€3k4 — koksrkayr + korksrkar <0 or koks — koksy + korks, < 0)

In particular, if k3. = 0 then sigmoidality cannot occur. By inspecting in detail the two blue terms,
we see that

koks — koksy + koyksy = ka(ks — ksy) + karksy = koks + (kar — k2)ks,,
koksks — kokspkar + kopksrkay = ka(kska — kspkay) + koykarkar = kokska + (kor — k2)kspkay.

We conclude that necessary conditions for ¢ to be sigmoidal are:

kpi >0 and kg > ko and (ks > ks or  ksyka > ksky). (S23)
Further, we conclude the following from an analysis of the expression of S:
e If H or ko are very small, then S is negative and hence ¢ is hyperbolic.
o If kpo = 0, then the sign of S agrees with the sign of
H(koksky — koksrkar + karksrkar) + kapkarkp .
In this case, necessary conditions for ¢ to be sigmoidal are:
kpi 70 and ko > ko, and  kspkgr > ksky.
Hyperbolic curves. We have also shown (see Appendix that if:
ko — kap > 0, and (k3 — k3p)kno (ks R + k3,.C) + k- (ksks — k3pkar)CT > 0, (S24)

then the second derivative of ¢ strictly decreases over I and hence the curve is hyperbolic (that is,
not only the second derivative at zero indicates so). These two inequalities are fulfilled if

ko > ko, ks > k3, ky > kap.

That is, if the phosphorelay rate constants are larger than their reverse counterparts then the curve
is hyperbolic. However, the curve can be hyperbolic without these inequalities being fulfilled.

Tuning by varying total amounts. By expressing the term S in ((S22|) as a polynomial in one
of the total amounts, we can observe that for some parameter values, variation of the total amounts
can change the system’s response from sigmoidal (S positive) to hyperbolic (S negative and wice
versa. This fact is summarized in the following table:

Total Degree Independent Leading Sign of S

amount coeflicient coefficient

H 1 negative positive for some S < 0 for H small, S > 0
parameters for H large

C 2 negative positive for some S < 0 for C small, S > 0
parameters for C large

T 2 positive for some negative S > 0 for T small, S < 0

parameters for C large
R 2 positive for some negative S > 0 for R small, S < 0

parameters

for C large



The results of the last column in the table hold for any choice of parameters that make the
leading or independent coefficient (depending on the total amount) positive.
1.4 Examples

We consider a specific example with rate constants and total amounts given by

kp1 = 0.5 kpo =1 ko = 0.1 ky=1 kop =1 ks, =1

k4 = 0.5 ks =0.3 H=1 R=10 T =10 C = 100.

The signal-response function f given in (S20) is:

 25(505 — 16.2513)(2000 4 3895 + 0.4513)
(—200 + 1625)(2000 — 726z5 + 16.322)

s =

such that
@2(xs) = 2000 — 72625 + 16.373.

The first positive real root of go is a = 2.95024. The graph of f in [0, «) is shown in Figure S4(A).
If kg is given, then the anti-image of ks in this graph is the steady-state value of xg and is found as
shown in Figure S4(B). Since the curve is strictly increasing, there is one and only one anti-image.
We see from the graph that as ks becomes large, xg approaches «, but the value of xg can never
exceed . That is, « is the upper bound of the response xg. The graph of the signal-response
curve ¢ is obtained by reversing the axes (Figure S4(C)). Therefore, when k; tends to infinity, xg
approaches the maximal response a.

1.5 Model with intermediates

Reactions. We extend the model given in Subsection to incorporate the formation of interme-
diate complexes at the phosphotransfer reactions. That is, the model extended with intermediates
consist of the reactions

koq k
HK -~ HKp  HKp + REC —=¥; —= HK + RECp
k2ar k2b7'

khl k3q ka
RECp %~ REC  RECp + Hpt —= Y» == REC + Hptp

3ar k3pr-

Kno kaq kap
RRp——RR Hptp + RR — Y3 — Hpt + RRp.

4ar kabr

By setting some of the rate constants k., or kj. to zero, we obtain different topologies involving
different combinations of reverse phosphorelay and hydrolysis reactions as before.

Ordinary differential equations. = We model the protein concentrations in the system using
ordinary differential equations (ODEs). To simplify the notation, we define:

x1 = [HK] x9 = [HKp] z3 = [REC] x4 = [RECp]
r5 = [Hpt] r¢ = [Hptp] z7 = [RR] zs = [RRp]
rg = [Y1] r10 = [Y2] w11 = [Y3].



The dynamics of the concentrations in time is modeled with a system of ODEs:

1 = —ks1 — kaprw174 + Kopg
T9 = ksx1 + k2arxg — k22273
13 = —koar273 + kp124 + k2arxg + k3pr10 — k3prr376
Tg = kopT9 — kp1%a — kopr 2174 — k34245 + k3arT10
5 = —k3aT425 + k3ar®10 + kapT11 — Kaprws58
T6 = k3pr10 — k3pr 2376 — K4aT6T7 + Kaar®11
7 = —kaaTeT7 + kp2ts + Kaarrn1
T8 = kapr11 — kpows — kapr 578
T9 = koqwows — k2ar®9 + koprr174 — k2pTo
210 = k3aT4w5 — k3ar®10 — k3pT10 + K3pr23T6

11 = k4a%627 — Kaar®11 + Kapr&528 — KapT11.
The system has four conserved amounts:
HKtot = z1+22+29, RECiot = z3+x4+x9+w10, Hptiot = z5+26+T10+211, RRtot = z7+a8+711,

where HKot, RECiot, Hptiot, and RRyot are positive constants given by the initial concentrations of
the system. As before, we write

F = HKtota 6 = RECtOt, T = Hpttota R = RRtot-

Steady-state equations. We proceed as in the monofunctional case and conclude that the
steady states of the system are given as the solutions to the following system of equations:

0= —ksx1 — koprr124 + K2pT9

0 = —koax2x3 + kp124 + k2arx9 + k3pT10 — k3pr 376
H =21+ 22+ 19 0 = kopwg — kp124 — kopr 2124 — k342425 + k307210
C = a3+ x4 + 39 + 210 0 = —k3ar475 + k3arr10 + kapT11 — Kaprws58
T = x5+ x6 + 10 + 211 0 = kspr10 — k3pr23T6 — K4aT6T7 + Kaar®11
R=ux7+a3+ 211 0 = —ksaxer7 + Kkpows + kaarri11

0 = kapx11 — knows — kaprwsxs

Hyperbolic vs. sigmoidal. It is not so straightforward in this case to obtain an analytical
description of the signal-response curve. Therefore, we adopt a direct route to the computation of
the sign of the second derivative at zero.

When kg = 0, then the steady state of the system equals

(z1,...,211) = (H,0,C,0,T,0,R,0,0,0,0).

We want to find the derivative of the response zg with respect to ks at ks = 0 at steady state. To
this end, we do the following steps:



1. We take the derivative with respect to ks of both sides of the steady-state equations. We

obtain new equations, where p; = gz":
S

0= —z1 — ksp1 — koprp12T4 — kopr®1pa + k2ppo,

0 = —kaapaws — kaawaps + koarpo — k3prpsre — k3prz3ps + kspp1o + kn1pa,
0 = —koprp124 — koprT1pa + koppy — k3apa®s — k3aZaps + k3arbio — kn1pa,
0 = —ksapars — ksawaps + k3arpro — kabrpsTs — kaprTs5ps + kappia,

0 = —ksprp3ze — ksprz3pe + kspp1o — KaaP6x7 — KaaT6p7 + Kaarpin,

0 = —kaaper7 — kaawepr + kaarp11 + knaps,

0 = —kaprpsr8 — kaprosps + kapp11 — knaps,

0 = p1 + p2 + po,

0 = p3 + pa + P9y + P10,

0 = p5 + p6 + p1o + P11,

0 =p7+ps +p11.

2. We substitute, in the equations above, the steady-state value when ks = 0 and obtain:

0= —H — kp1(0) — koprp1(0) — Kopr Hpa(0) + kappo(0),
0 = —k2aCp2(0) — k2ap3(0) + k2arpo(0) — ksprp3(0) — k36 Cps(0) + kspp10(0) + kn1pa(0),
0 = —kapp1(0) — kapr Hpa(0) + kappy(0) — k3aTpa(0) — k3ap5(0) + k3arp10(0) — knipa(0),
0 = —k3aTps(0) — k3ap5(0) + k34rp10(0) — kaprps(0) — kapr Tps(0) + kapp11(0),
0 = —k3pp3(0) — k3prCps(0) + k3pp10(0) — kaa Rps(0) — kaapr(0) + kaarpr1(0),
0 = —k4aRp6(0) — k1ap7(0) + kaarp11(0) + knaps(0),
0 = —kaprp5(0) — kape Ts(0) + kgpp11(0) — knaps(0),
0 = p1(0) + p2(0) + po(0),
0 = p3(0) + pa(0) +po(0) + p10(0),
0 = p5(0) + ps(0) + p10(0) + p11(0),
0 = p7(0) + ps(0) + p11(0).
This system is linear in p1(0),...,p11(0) and hence the derivatives of x; at ks = 0 can be

found by solving the system. We have solved it using Maple. In particular, we have obtained
that

kaakapksakapH RT

ps(0) = = = = = = =
knokaakspkay R(kp1 + k3o 1) + kniksar (kn2kaar (ksprC + kaaR) + k3pr C(kn2kap + kaprkaarT))

(S25)
This is the derivative of the signal-response curve at ks = 0.

3. We repeat the steps above one more time: we compute the derivative with respect to ks of the
above equations (step 1). We evaluate the resulting equations at the steady state for ks = 0
and at p; = p;(0). We obtain a linear system in the second derivatives of z; at ks = 0 which
can be solved in Maple. As a result, we obtain the second derivative of xg with respect to k;
at ks = 0 as desired.
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Before showing what the second derivative of xg with respect to ks at ks = 0 is, it is convenient
to introduce new parameters. For i = 2, 3,4, let
kia kibr

Ttk Kiyr = ———— ki = kipkiy Kir = KiarKiyr-

kiy =
Y kiar + kib

For an interpretation of these constants see below. In particular, we take k;, k;- to be the rates of
forward and reverse phosphorylation at each layer.

With these new constants, we obtain that the derivative of xg with respect to ks at ks = 0, that
is (S25)), becomes

ksksHRT
ps(0) = = =—. (526)
kakna(kn1 + ksT)R + kspkpa (kna + kay T)C

This expression is identical to the first derivative of xg with respect to ks at ks = 0 for the model
without intermediates, as given in (S21J).

Similarly, the sign of the second derivative of xg with respect to ks at ks = 0 equals the sign of:

Sy =5 - CHkagkhl(k4y(k4rT + khQ) + Tk4k4y7«)(R22 + CTZl)
— CH]fgk‘hl (22 — Tzl)((Czl + Rkh2k4)k3y + C(k4,«T + k’hg)kgkgyr) (827)
— C(kp121(C — H) + 23)(H(Cz1 + Rkpaka)(kokoyr + korkay) + (Ckpiz1 + 23)kay)

where S is given in (S22]) and
21 = k37«(k47«T + khQ), 29 1= khz(k4R + k37~0), 23 1= Rkh2k4(k3T + khl)-

Recall that the condition for sigmoidality is S, > 0. We have marked in blue the only terms that can
cause the term Sy to be positive. Namely, if S is negative (that is, the model without intermediates
is hyperbolic), C' > H and z9 > T'z1, then the model with intermediates is hyperbolic as well.

We deduce easily that

o If kpy = 0, then sigmoidality cannot occur.

e If k3, =0 then z; = 0 and S < 0, and hence sigmoidality cannot occur.

Interpretation of the new rate constants. The rate constants k;,, k;y are the reciprocal of
the Michaelis-Menten constants of each intermediate Y; in each direction. These are the coefficients
of the expression in x1, ..., xs obtained by imposing &9 = 19 = ©11 = 0 and solving for g, x1g, T11-
In particular, at steady state we have:

k?a k2br
T9g= ——————Tox3 + ——————— X124 = koyToxg + koyrr14
k?ar + k2b kZar + ka Y v
k3q k3pr
T10 = ———————T4T5 + ——————x3T¢ = k3yTax5 + k3yrx326
k3ar + k3b k3ar + k3b Y v
k4a k4br
Tl = ——————26L7 + —————— 528 = kayTeT7 + KayrT5xs.
k4ar + k4b k4ar + k4b Y .
If we plug these values into the ODEs #;, 7 = 1,...,8, we obtain a mass-action system for the model

without intermediates with rate constants k; = kjk;y and ki = Kigrkiy,-
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1.6 Model with production and degradation
We investigate if the conditions for sigmoidality are altered by the introduction of production and

degradation in the model.

Reactions, equations and steady states. We consider the system with reactions as described
in Subsection together with degradation reactions for all species

HK £ o HKp 222 0 REC £22 0 RECp 222 0
Hpt 722 0 Hptp 6% 0 RR 272 0 RRp 222 0
and production reactions for the unphosphorylated forms:
0 Xy K 0 *3, REC 0 *2y Hpt 0 X7 RR
We define as usual
x1 = [HK] x9 = [HKp] z3 = [REC] x4 = [RECp]
x5 = [Hpt] z¢ = [Hptp] z7 = [RR] zg = [RRp].
The dynamics of the concentrations in time is modeled with a system of ODEs:
1 = —ksx1 — korx174 + kowows — k1ox1 + k14
To = ksx1 + korw124 — k2x2x3 — koot
&3 = —kowoxs + kn1wa + Kkorx124 + k3xaxs — k3rr3ze — ksoxs + k3i

&g = kowows — kp1wy — korw114 — k31475 + K3r0376 — Kaog
&5 = —k3xaxs + k3, w376 + kaxer7 — karxs528 — ksoxs + ks;
t6 = k3waws — k3316 — kaTeT7 + karwsw8 — KeoTe

7 = —kazer7 + kpaxs + karwsws — krowr + kg

18 = kywerr — kpows — karwsrs — kgoxs.

The system does not have any conservation law. Thus, the steady-state equations are given by
setting the derivative of the concentration to zero, that is &; = 0.

Hyperbolic vs. sigmoidal. The procedure applied to our initial system in Subsection to
obtain the inverse of the signal-response curve, can be applied here to obtain an analytical expression
of the inverse of the signal-response curve. The role of the total amounts H,C,T and R is played
by the quotients
B Iy 1y

klo k30 k50 k7o
We do not reproduce the analysis here again. The procedure leads to the derivative of the signal-
response curve at zero. Alternatively, we can apply the procedure described in the previous subsec-
tion to directly obtain the sign of the second derivative of the signal-response curve at zero, without
explicitly computing the signal-response curve.

The expression of the second derivative of the signal-response curve at zero is very large, and
hence we only provide here the positive monomials with the aim of determining what architectures
can exhibit sigmoidality.

K, K3
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We use the definition of K1, K3, K5, K7 above, together with

kzo . k4o kﬁo kSo

Ko="2 K;=-2  Kg=-2 =
2 kflo 4 k30 0 k50 k?o

The positive terms that can lead to sigmoidality are then

Sopos = k2 Ka K1 (kso + kur K5 + kn) (Rarkiokd K2 Ko (k2 K + ko)

+ Ky Kskoksy (kp1 + kao) (kar K5 (ksr K3 + keo) + (kgo + kn2) (ka K7 + k3, K3 + k@o)))-

We observe that if k3, = k4 = 0 then S, ;s = 0 and sigmoidality cannot occur. Contrary to the
system without production and degradation, k3. = 0 does not guarantee that sigmoidality cannot
occur. This is due to the fact that now there is a degradation of Hptp, which plays the role of
the hydrolysis kp; at RECp. Therefore, the reverse phosphorelay between layers 3 and 4 can also
account for sigmoidality.

In the system with production/degradation reactions, inclusion of intermediates cannot alter
steady-state properties such as the existence of sigmoidality. In recent work, we have shown that in
reaction schemes that do not give rise to conservation relations, consideration of complex formation
does not alter the system properties at steady state [I].

1.7 Model with auto-dephosphorylation at HK
We extend the model given in Subsection to incorporate auto-dephosphorylation of HK. That
is, we enrich the system with a reaction

HKp = HK.

The ODE system modeling the protein concentrations is identical to (S1)) except for the expressions
for &1, s that become

T1 = —ksx1 — korx124 + koxoxs + ksxo
To = ksx1 + korr174 — koxox3 — kswa.
The steps followed in Subsection [I.1] can be applied here as well to obtain an analytical expression

of the inverse of the signal-response curve. The sign of the second derivative of the signal-response
curve at zero agrees with the sign of

Sy = (k5 + ng)S — ka5F((k3T + k’grﬁ)/ﬁ;khgzgﬁ + Zlkgkgr@(k3TZ2€ + k4kh2§) + khlzgz,)

where - B B B
21 = kayT + kpa, 29 = k4T + kpa, 23 = kakpo R + k3r21C,

and S is given in (S22)). We easily see that S; can only be positive if S is positive. Therefore,
the necessary conditions for sigmoidality established in the main text for the simple model are not
altered by explicitly modeling auto-dephosphorylation of HK.

13



1.8 Model with auto-dephosphorylation at Hpt
We extend the model given in Subsection to incorporate auto-dephosphorylation of Hpt. That
is, we enrich the system with a reaction

Hptp LN Hpt.

We applied the steps described in Subsection [I.5]to obtain an expression of the sign of the second
derivative of the signal-response curve at zero in terms of the rate constants and total amounts.
The sign is given by

S3 =5 —ksz; (lez(k}hlkgré + /{33]{15T + (kgrﬁ + k‘hl)(k‘gra + k5)) + 2 kqkpozo (Hk%” + Z2)R
+ CiH(kag)(/ﬂ; — k47-)T2 + (k2k3k4 — koks, kg + kzrk&‘k@)khlf
+ knahna(kaks — kaks, + karks,))
where
21 = kayT + kna, 22 = k3T + kpa

and S is given in (S22)). The terms highlighted in blue are the terms that can possibly contribute
to S3 being positive. The last two highlighted terms are also highlighted in S in and further,
they are multiplied by k1.

When k5 is set to zero, the sign of the second derivative of the signal-response curve at zero
agrees with the corresponding sign for the model without auto-dephosphorylation at Hpt. However,
when ks # 0 then sigmoidality can arise even if kp; = k3 = 0 but kg > k4. For this model,
necessary conditions for sigmoidality of the signal-response curve are either that

khl >0 and ko > ko, and (kgr > k‘g or kg,«k47« > k‘gk’4).

or that
ks >0 and kg > k4.

In other words, necessary conditions for sigmoidality of the signal-response curve are

kni(ky — ko) (k3 — k3) #0  or  kpy(ko — kop)(ksrkar — k3ks) #0  or  ks(kar — kg) # 0.

2 The kinase HK is bifunctional

We consider the case in which the kinase HK is bifunctional, that is, HK acts as a phosphatase for
REC.

2.1 Reactions, equations and steady states

Reactions. The minimal set of reactions that the system has, consists of the autophosphorylation
reaction on HK and the forward phosphotransfer reactions

HK s

HKp HKp + REC —2~ HK + RECp

RECp + Hpt —%~ REC + Hptp Hptp + RR —“> Hpt + RRp,
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together with the reaction for phosphatase activity of the histidine kinase HK:

k
HK + RECp —= HKRECp —* > HK + REC.
k5r

We study the extensions of this minimal reaction mechanism obtained by adding reverse phospho-
transfer reactions involving the HK, REC, Hpt and the RR, as well as hydrolysis reactions at RECp
and RRp:

HK + RECp -2~ HKp + REC  RECp "~ REC

REC + Hptp —*> RECp + Hpt RRp —"2~ RR
Hpt + RRp LN Hptp + RR.

By setting some of the rate constants k. or kh, to zero, we obtain a total of 32 different topologies
involving different combinations of reverse phosphorelay and hydrolysis reactions (Table 1 and Table
S1), similarly to the situation where the HK kinase is monofunctional. The minimal set of reactions
is always part of the system, meaning that ks, k3, kg, ks # 0 for all topologies.

Ordinary differential equations. = We model the protein concentrations in the system using
ordinary differential equations (ODEs). To simplify the notation, we define:

z1 = [HK] z2 = [HKp] z3 = [REC] x4 = [RECp]
x5 = [Hpt] z¢ = [Hptp] x7 = [RR] xg = [RRp] zg = [HKRECpP].

The dynamics of the concentrations in time is modeled with a system of ODEs:

1 = —ksw1 — kopw124 + kowox3 — ksx124 + k5p29 + K29

T9 = ksx1 + korx124 — k22073

T3 = —koxoxs + khixg + koypx124 + ksxaxs — k3rx3xe + keo

Ty = koxow3 — kp1x4 — ko124 — k32475 + k3,2376 — ksw174 + K5rg
t5 = —k3xyxs + k3, 2376 + kaTew7 — k47 T578

T = k3rars — k3,2376 — kawex7 + Kar w578

7 = —kazer7 + kpots + karwss

tg = kqwerr — kpows — karwsrs

i‘g = k:5x1;1:4 — k‘5r$9 — k@%’g.

This system has four conserved amounts:

F:xl—l—mg—i-mg, 62:(}3—1-1’44-339, T=ux5+xg, R=ux7+2xs.

It is assumed that total amounts are positive.

Steady-state equations. We proceed as in the monofunctional case and conclude that the
steady states of the system are given as the solutions to the following system of equations:
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0 = ksx1 + kopr124 — koxoxs (832)

H=ux1+x9+79 (S28) 0 = koxows — kp1oa — kopx1T4 — k3xaTs
C=x3+x4+x9 (S29) + k3,316 — k5124 + K529 (S33)
T = x5 + ¢ (S30) 0 = k3wyxs — k3rx3re — karer7 + karT578 (S34)
R = z7 + 23 (S31) 0 = kyxerr — kpows — kyrasas (S35)
0 = ksz114 — k5,9 — Kgx9. (S36)

Rearrangement of the steady-state equations. We change equations ((S32))-(S36|) by linear
combinations of them. Specifically, we replace:

o (S34) by (S34)+(535),
e (S33) by (S33)+(534) +(S35)+(S36),
e (S32) by (532)+(533)-+(S34) +(S35) + (536),

and leave (S35 and (S36)) as they are. This results in the following equivalent system of equations:

H=ua1+x+z9 (S37) 0= Ko =l = Ko = Koo P
C=ua3+a4+m9 (S38) 0 et T B = et R o
- 0 = ksxaxs — k32316 — kpos (543)
z =x5+ Tg (S39) 0 = kyxgrr — kpoxg — kapsts (S44)
R=uz7+u3 (540) 0 = kszi24 — ksrz9 — kexo. (S45)

Zero concentrations. We assume that ks, k5., kg 7 0, that is, the kinase is bifunctional and acts
as a phosphatase for the dephosphorylation of the receiver protein. Additionally, we are assuming
that ks, ko, ks, k4 # 0 and that all total amounts are positive.

In this scenario, for the topologies topologies 9-13, 15, the signal-response curve is constant
and equals g = R. All the other topologies have non-constant signal-response curves and all
concentrations at steady state are non-zero (see Appendix .

The topologies 17-24 (kj1 = kp2 = 0) exhibit signal-response curves defined piecewise and are
treated differently. Zero steady-state values occur (see Appendix .

2.2 Steady-state relations and signal-response curve

We proceed to find an expression for the signal-response curve. As in the previous case, the signal
is taken to be the value of the rate constant ks, and the response is the steady-state value of
phosphorylated response regulator (zg) corresponding to ks (with all the other rate constants and
total amounts fixed).

Contrary to the previous system, this case does not allow for an explicit analytical relation.
Instead, we infer the existence of an analytical function relating ks and xg and derive properties of
this function. We start by establishing relations between each concentration x; and xg at steady
state.

Steady-state relations. We study here the steady-state solutions that do not have vanishing
concentrations. We let i
5

ky = 0
Y ks + ke

(S46)
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be the reverse of the Michaelis-Menten constant of HK. We express the concentrations zy,...,z7
at steady state in terms of xg and xg, independently of ks. In addition, we find a relation between
xrg and xg at steady state.

Expression Behavior as function of xg and g

x7 = R — g x7 decreases in xg

T6 = %ﬁ@;) Tg increases in xg

T5 = % x5 decreases in g

T4 = km/?;l?iigffg,._“) x4 increases in zg and decreases in zg (547)
e k3$3€(36;5_3;1j6h2‘”8 xg decreases in xg and in zg

2y = kzﬂz&@*l%iﬁﬁj x’zhlx”khﬁg To increases in xg

vy = kzaza(H—I9£2;if§2:izlm4_kh2x8 21 decreases in xg and in zg

rg = g(73)

The first seven rows of ([S47) give an iterative way to find the steady-state values of concentra-

tions x1,...,2z7 once the values of xg and xg are known. The last entry gives the relation between
x9 and zg. See Appendix for a proof.

The steady-state values are all positive if and only if zg is in the interval (0,«), where « is
the first positive root of the degree-2 polynomial ¢s given in (that is, the same as for the
monofunctional case).

In , the variables z1,...,z7 are expressed as functions of xg,x9. The variable zg cannot
explicitly be written as a function of xg. The function g is known to exist, but we do not have
an analytical expression of it. However, there is a procedure to obtain the steady-state value of zg
corresponding to a given value of xg. For each fixed xg strictly between 0 and «, zg is the first
positive root of the following polynomial G(zs, z9):

G(xg,9) = co(xg) + c1(x8)wy + co(wg)xs + c3(x8)xd,
where if we denote

21 1= k3r(k4rT + kh2)7 29 1= kg/ﬁg(k’4T + khQ), 23 :=kar — kg, z4:=2 — k3(k4T + khQ),

17



then the coefficients ¢;(xg) are:

co(ws) =kyxs(kna(kaR + 2328) + 210) (kh2(23(k‘h1 + koH) + 24)x2
+ (C(kp121 + 22H) + kpokaR(koH + k3T + kp1))zs — kﬂs’ﬂm)
c1(zs) = ((kg,«zl — 29)Cs — kna(ka — koy) (kiR + z378)as + kﬁglﬂﬁ) (kskiTR + z4zs)
+ ((k2k3k4ﬁ w520 (ko (2823 + kaR)(H + C) + 21 (2H + O)0)
— knokoz (w823 + ks R)(H + C)ag — kokZoas (2222 + K2R)
— 2kpnoz3(kokaknoR + z1kp1)x2 + knoxs(kezs — 21)(ksksTR + zqxg)
+ (kozaws — 221kmas + kskakeTR)(21C + kzhgk4§)>x8ky
ca(xg) =<k‘h223(22 + koz1)2d + (kn127 + (2220 + kakpoka R — ko2 + 20H )21
— kaknoR(kakszsT — 20))as — kska RT (kakaknoR + 21 (ke + 2Cks + kﬁ)))xgky

— (k‘gk4ﬁ + 241‘8)(]{52]{23/{?4@ + (k2r21 — 22)1‘8)
Cg(l:g) :Zl(k2k3k4ﬁ - Zgl’g)ky.rg

Signal-response expression. Using the remaining steady-state equation, (S41f), we express ks

in terms of xg:

. k k
o = fy(g) = L E4 T Zmﬁ 6, (948)

where z1, 24,29 are given in terms of zg as well (see above) and x; # 0 at steady state. If
xg approaches «, then x; tends to zero and ks tends to infinity. It follows that « is precisely the
maximal response of xg.

The function fj, is continuous and differentiable in [0, ) and is strictly increasing (see Appendix
. It admits an inverse

or=f ',

which is the signal-response curve. The signal-response curve is increasing, continuous and differ-
entiable in [0, +00). When ks tends to infinity then the response zg tends to a.

If k1 = kpo = 0 then ¢y, is defined by fb_1 if ks € [0, kekyC] and ¢, = R for ks > keky,C.

Practical considerations. In order to plot the signal-response curve we use the following
procedure:

(i) Compute « (the first positive root of ga(xs) in zg) and choose a grid of values for xg, strictly
between 0 and o.

(ii) For each value of xg, find the first positive root of G(xg,x9) as a function of zg, that is, for
each value of xg we find a value of xg.

(iii) Compute z1, x4 using (S47) and the pair of values (zg,xg).

(iv) Compute ks using (S48|) in terms of 1, 24, 3, 9.
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In this way, points on the signal-response curve (fy(xg), xg) are generated. Because of the relation-
ship between f; and ¢y, the points give a plot of the function .

Comparison of the monofunctional and bifunctional cases. We have shown that the
maximal response of phosphorylated response regulator xg = RRp is independent of whether the
kinase is bifunctional or not. In particular, the value is independent of the rate constants ks, ks, k¢.

However, the signal-response curve in the bifunctional case is always below the signal-response
curve in the monofunctional case. Indeed, if the kinase is monofunctional, then the expressions in
can be obtained from those in by setting x9 = 0. It follows that if the common reactions
have the same rate constants in the two cases, then for every fixed xg, the value of x4 (resp. z1) in
the bifunctional case is smaller (resp. larger) than in the monofunctional case. Consequently, for
any rate constants ks, ks, kg, we have fy(zg) < f(xg). In other words, the signal ks required to
achieve a certain response xg is smaller in the monofunctional case than in the bifunctional case.
Nevertheless, as ks increases, the steady-state value of xg tends to the maximal response (which is
the same value in both cases). Therefore, the difference between the steady-state value of g in the
two cases becomes negligible for large values of k.

This is due to sequestration of substrate in xg9. Therefore, the signal-response curve in the
monofunctional case is always above the corresponding curve in the bifunctional case (for any
choice of additional rate parameters). Since the maximal response is independent of the role of
the kinase, a smaller signal is required to get close to the maximal response, when the kinase is
monofunctional. Furthermore, if the inverse of the Michaelis-Menten constant k, = ks/(ks, + k)
(equation ([S46))) increases and kg is fixed, then fi(zg) increases for a fixed zg (see Appendix .

2.3 Hyperbolic and sigmoidal signal-response curves

We apply the same indicator to classify a curve as sigmoidal or hyperbolic as in the previous case.
That is, we calculate the sign of the second derivative of the signal-response curve at zero and classify
the curve accordingly. We have computed ¢} (0) using the method introduced in Subsection
If ¢}/(0) > 0 then we classify the signal-response curve as sigmoidal, and if ¢} (0) < 0 then we
classify the signal-response curve as sigmoidal.
The sign of the second derivative of ¢ at 0 agrees with the sign of

Sy =S + H(oH + a3)ky + o1 HE], (S49)

where k, = —ks _ and

~ ksrtke

ar =C/(kayT + kp2) Hkokeksy (ksyC(kay' T + kna) + kaknoR)
ag = — C(kayT + kp2)ko(Chskeksy (kaT + kpa) — k3, (k1 C + ke ) (kar T + ko)
+ kakna R(ke(ks — k3r) — kniksr))
ag = — (k3 C(kayT + kp2) + kakpoR) (ksrkpi (kar CT + kpo) + kakpoR(ksT + kpi1))(koC + kg)

The term «; is always positive and the term ag is always negative. The independent term (obtained
by setting k, = 0) is identical to the term given in the monofunctional case . We have that
if k3, = 0, then S, < 0 and the function ¢y is hyperbolic. However, when kj; = 0 the system can
show sigmoidality (because ay # 0).

Observe that the leading coefficient of the term S in seen as a polynomial of degree 2 in k,
is positive. Therefore, by increasing k, enough, S; becomes positive and the curve sigmoidal. Recall
that k, is the inverse of the Michaelis-Menten constant of the enzyme HK for its dephosphorylation
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activity. Therefore, increasing k, corresponds to making the enzyme mediated dephosphorylation
of RECp more efficient.

A

Proof of the claims: monofunctional case

This appendix provides the proofs of the claims in the Section

Al

Constant signal-response curves and zero solutions

kp1 = kpo = 0: From we have that 21 = 0 (since ks # 0) and thus xo = H at steady
state. From it follows that x5 = 0 (since ky # 0) and thus z4 = C. From we have
that o5 = 0 (since k3 # 0) and so x¢ = T and finally from it follows that z7 = 0 (since
ks # 0) and xg = R. This fact is independent of the value of all other constants.

kno = ks, = 0: From either x4 = 0 or x5 = 0. If 4 = 0 we have that x3 # 0. From
, r1 = 0 and from we have o = 0 which is a contradiction. Therefore x5 = 0 and
consequently, 6 = T # 0 and x7 = 0. Thus zg = R and x1,..., x4 fulfill , and
the equations for the total amounts. Additionally, the signal-response curve for Hpt is also
constant (that is, at steady state xg = T'), but the curves corresponding to HK and REC are
not constant.

kno = k4 = 0: From @) either zg = 0 or 7 = 0. If x4 = 0 we have that x5 # 0. From
z4 = 0 and from @ we have 1 = 0. By we have xoxr3 = 0 which is a contradiction.
Therefore 7 = 0, and then zg = R # 0. x1,..., ¢ fulfill — and the equations for
the total amounts. In this case the signal-response curves for HK, REC and Hpt are not
constant.

Assume that none of the cases above hold, that is, that either kpo # 0 or ko = 0 and kpq kska, #
0. Assume that all total amounts are positive. We show that in this case any non-negative solution
to the steady-state equations is positive, that is, all concentrations are non-zero. As a consequence,
the signal-response curve cannot be constant (equal to R; because this would imply z7 = 0).

If z1 = 0, then by it must be that kpi1x4 = kpoxgs = 0 and z2 # 0. From it follows
that z3 = 0 and hence x4 # 0 (because C > 0) and thus kp; = 0. In this case kp2 # 0 and
hence xg = 0. From (S16)) we have x5 = 0 and hence zg # 0. From we see that x7 =0
contradicting R > 0.

If x9 = 0 or 3 = 0 then from (S15)) we have kpix4 = kpoxg = kopzixy = 0. It follows from
(S14) that 1 = 0 and we reach a contradiction with the item above.

If x4 = 0 or x5 = 0 then from we have ks,x3x6 = kpoxg = 0. If 4 = 0 using @D we
have that ks;z1 = 0 and hence 1 = 0, which is a contradiction. If x5 = 0 then from we
have kyzgr7 = 0. Since zg # 0 (because T > 0) and k4 # 0 by hypothesis, we have z7 = 0.
As a consequence zg # 0. Hence kps = 0 and by hypothesis kp1 ks, ks, # 0. If k3, # 0 we have
x3 = 0 contradicting the item above.

If z¢ = 0 or 7 = 0 then kpoxg = kygrx5x8 = 0. Since we showed that x5 # 0, and kpoksr # 0
by hypothesis, it follows that xg = 0. If 27 = 0 we reach a contradiction. If zg = 0 then using
(S16]) we have x4x5 = 0 which contradicts the item above.

If zg = 0 then x7 # 0 and hence by (S17) x¢ = 0 which contradicts the item above.
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A.2 Steady-state relations

Here we derive the relations shown in (S18|).

(1)

From the total amount R, we have

Ty = R — xIs. (850)
This expression shows that z7 decreases in zg. For 27,23 > 0 we require 0 < zg < R. Hence, if
we let @y = R and I; = (0, ), any positive steady state must satisfy zg € I;.

Solving (S17) for z¢ and subsequently solving x5 using the total amount T, we obtain:

(kna + karT) 3 S kaTx7 — kpaxs
ka7 + karag ° 7 kamy + kapzg

= (S51)
The expression of x5 decreases in xg and increases in x7. Since x7 decreases in xg, we conclude
that after substituting x7 with (S50)), x5 decreases in xg. Similarly, z¢ increases in zs.

Assume that kjy # 0. For x5 > 0 we require k4T'x7 > kpars. When xg = 0 this inequality holds.
The right-hand side of the inequality increases in xg and goes to infinity. The left-hand side
decreases in xg and is zero when xg = . Therefore, there exists a unique value of xg, ag <
at which k4Tx7 = kpoxs. Then, the inequality holds if and only if x5 < ag. If kyo = 0, then
x5 > 0 for all zg € I} and we define ay = ;.

Let Iy = (0,2). Since ag < ag, if xg € Is then z5,...,xg > 0. Observe that if zg = ag, then
x5 =0. If 23 =0, then 25 =T.

Using ([S16]) to express x4 in terms of x5, ¢ and zg and using the total amount C' we obtain

o k3rCxs + knows I k3Cuxs — kpows
! ksxs + karxe 57 Tkgws + kawg

(S52)

The expression of x3 decreases in xg,xs and increases in x5. Since x5 decreases in xg, and
xg increases in xg, we conclude that after substituting xs,x¢ with (S51)), x3 decreases in xg.
Similarly, x4 increases in zg.

We proceed to discuss positivity following the reasoning above. Assume that kpo # 0. Then for
x3 > 0 we require
k3Czs > kpoxs.

The inequality holds at zg = 0. The right-hand side of the inequality increases in xg and goes
to infinity. The left-hand side decreases in xg and is zero when xg = . Therefore, there exists
a unique value of x5, a3 < a9 at which k3sCxs = kpaxs and the inequality holds if and only if
rg < ag. If kpo = 0, then x5 > 0 for all zg € Ir and ag = as.

Let Is = (0,a3). Since a3 < ag, we have z3,...,2g > 0 if and only if zg € I3. Note that if

rg = ag, then z3 = 0. If g = 0 then 23 = C.
Using (S15)) and the total amount H and obtain:

_ korHxy + kg + kpoxs
koxs + kopxy

_ koHxs — kpiza — kpows
koxs + kopxy

) s Tl (853)
The expression of x; decreases in x4, xg and increases in x3. Since x3 decreases in xg, and
x4 increases in xg, we conclude that after substituting xs,z4 with (S52)), x; decreases in xs.

Similarly, z9 increases in xs.
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For z; > 0 we require
koHxs > kpixy + kpoxs.

Recall that by hypothesis we have either kp; # 0 or kpa # 0, that is, the two hydrolysis rate
constants cannot vanish simultaneously. If g = 0 then the inequality is satisfied (because
x4 = 0). The right-hand side of the inequality increases in xg and goes to infinity. The left-
hand side decreases in xg and is zero when xg = ag. Therefore, there exists a unique value of g
in I3, a < a3, at which ko Hxs = kp174 + kpoxs and the inequality holds if and only if 25 < .

Let I = (0,«). Since a < a3, we have zq,.. .;xg > 0 if and only if xg € I. Note that if we let
rg = «, then 1 = 0 and if xzg = 0 then z; = H.

The value « is the first positive value of xg for which
k‘gﬁﬂ?g - kh1334 - khgl’g = 0. (854)

After substituting x5, x4 by (S52)), and subsequently by (S51) and (S50)), the left-hand side of this
equality is a quotient of polynomials. The first positive root (in xg) of the numerator is . The
numerator is precisely the polynomial go(zg) given in (S19).

A.3 Signal-response curve

The entries of are derived using all steady-state equations except for . From we
obtain that
ko = kpixs + kh2$8‘ ($55)
1
The expression of kg is positive provided that xg € I. Since x4 increases in xg and 1 decreases in
xg, we see that kg is expressed as an increasing positive function for xg € I. When xg approaches
the upper bound of the interval I, «, then 1 tends to zero and z4 to some finite number. Hence

ks grows to infinity.
The explicit form of f given in ((S20)) is obtained from (S55|) by plugging in the values of z1, ..., 7
obtained in (S50)-(S53]) (computations are done in Mathematica).

A.4 Hyperbolic shape when phosphorelay rates are large

We prove here that if (S24)) holds, then the second derivative of ¢ at any value of k4 is negative.
Using Mathematica, we compute the second derivative of x4 with respect to xg and find that
its sign equals the sign of

(ks — ksy)(kaknaR + kspkpoC) + ks (ksky — kspkar )CT.
Consider now . o
 kopHxg + kpiwg + kpows (korH + kpy)wg + kpoxs
B koxs + koyxy (ko — ko)ag + koC
Let 8 = (korH + kp1)za + kpaws be the numerator of zo and v = (ko — ko)xg + koC be the

denominator of zo. Both terms are positive. We take the second derivative of xo with respect to xg
and obtain:

Z2

s (B"y =By )y =29 (B'y — BY)
2 — ,73
((korH + kn1)y — (ko — ko) B)val — 2(kar — k2)2y(B'y — BY')
73 '
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Let

A = ((korH + kn1)y — (kap — ko) B)yxly = (kor (Hy — B) + kn1y + k28) vy,
B = —2(kz, — k2)xy(8'y — BY')

such that 2§ = (A + B)/~y3. The denominator is positive. Therefore, the sign of z¥ is determined
by the sign of A+ B. Since z9, 24 increase in xg we have that 5’y — 89 > 0 and 2/, > 0. Therefore,
the sign of B equals the sign of ko — ko,..

The term Hy — 8 = —kowg H + koCH — kp1x4 — kpowg is positive in I because it agrees with the
numerator of z1. It follows that the sign of A equals the sign of x/f. If the signs of A and B agree,
then 24 has a constant sign over I.

Consider now the inverse of the signal-response curve:

_ kpixy + kpows
7

ks :f($8):

and let 0 = kp124 + knoxs. The second derivative of f with respect to xg is

= z1(kpraxy — 0xf) 3— 224 (6w — 5:10'1)
1

The term —22 (0'z1 — ) is positive because ] < 0 and (0'z; — dx}) > 0 (it is the numerator of
the derivative of f). If (kpizjja; — dxf) > 0, then the signal-response curve is hyperbolic (because
the sign of the second derivative of ¢ is minus the sign of the second derivative of f). In particular,
this is the case if 2f > 0 and 2 < 0. For z{ < 0 we require x4 > 0.

Therefore, if 24,2/ > 0, then the signal-response curve is hyperbolic. Using the computations
above, we conclude that if

ko — kop, and (kg — k:gr)(]%khgﬁ + kgrk:hgé) + kgr(kgkiz; — kgrk4r)ﬁ > 0,
then the curve is hyperbolic. These two inequalities are in particular fulfilled if
ko > ko, ks > ks, kg > kar,

that is, if the forward phosphorelay rate constants are larger than their reverse counterparts.

B Proof of the claims: bifunctional case

This appendix provides a sketch of the proofs of the claims in Section [2}

B.1 Zero concentrations

We start by checking that the combinations kpo = 0 and either ks, = 0 or k4, = 0 provide constant
signal-response curves. Assume that kpe = 0 and x4 = 0 at steady state. Then by (S45) x9 = 0.

Consequently from (S41)) we have 1 = 0 and hence zo # 0 (S37). Similarly from (S38) we have
that z3 # 0. But then (S42) cannot hold. Therefore, if kpa = 0, 24 # 0 at steady state.

o kpo = ks, = 0: From (S43]) x5 = 0 because x4 # 0 at steady state. Consequently, z¢ = T+#0
and from ([S44]) it follows that z7 = 0. Thus zg = R # 0 at steady state.
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® kpo = kg = 0: From (S44) either ¢ = 0 or 7 = 0. If g = 0 we have that x5 #9 From
(S43) if follows x4 = 0, which is a contradiction. Therefore x7 = 0, and hence zg = R # 0 at
steady state.

Assume now that none of the two scenarios above occur, and further that k,; = kpo = 0 does
not occur. If zg = 0 is a solution at steady state, then by we must either have 1 = 0 or
x4 = 0. If z; = 0 then xo # 0. Further from we have kpi1x4 = kpoxs = 0. Hence from
we have x3 = 0 and as a consequence x4 # 0. If k1 # 0 then kpiz4 # 0, which is a contradiction.
Hence, assume that kj; = 0. Then using we deduce that z5 = 0 and hence zg # 0 from the
conservation law. From we obtain 7 = 0 which contradicts for R > 0 only if kps # 0.

Assume now that z4 = 0. Then by (S38)) we have x5 # 0. Further, from we have kjoxg = 0.
From we have zo = 0 and from @ x1 # 0, contradicting .

Therefore, if kp; # 0 or kpa # 0 then xg = 0 is not a solution at steady state. If one of the
concentrations x1,...,x4 is zero at steady state, then the positive term in one of the equations
(S42)),(S43),(S45) vanishes, implying that all the other monomials must vanish as well. For any of
the equations, it would follow imply that kgxg = 0 contradicting xg # 0. That is, x1,...,24 # 0 at
steady state. If x5 = 0 and ks, # 0 then using and , x3 = 0 which is a contradiction. If
k3, = 0 then kpo # 0 (by assumption) and hence zg = 0. By we have g = 0 or x7 = 0. The
latter contradicts because xg = 0. Hence z¢ = 0. However this contradicts , because
Try5 = 0.

Therefore, if kpy # 0 or if ko = 0 but ks,.ksr-kp1 # 0, then there are no zero concentrations at
steady state.

B.2 Steady-state relations

Here we derive the expressions shown in (S47). We study the concentrations at steady state that
are non-zero. We assume either (1) kpa # 0 or (2) kpe = 0 and ks, kgrkn1 # 0.

(1) Using the total amount equation for R, we have

Ty = R— I8, (856)
such that 7 is expressed as a decreasing function of xg. We have x7,xg > 0 if and only if
0<axg<a;:=R.

(2) Using (S44) and the total amount equation for T' we obtain

_ 28 (kar T + kpa) _ kaTx7 — kpaag

7 - , S57
kaxr + karas s ka7 + karag (857)

The expression for x5 decreases in xg and increases in x7. Since x7 decreases in xg, we conclude
that after substituting x7 with (S56|), x5 decreases in xg. Similarly z¢ increases in zg.

For x5, 16, 77 > 0, we require k4T (R — xg) — kpoxs > 0, that is,
ksTR

O<zg<ag:=———<
kaT + kpa

Q.

Hence, 0 < zg < ap if and only if x5, x¢, 7, x8 > 0.
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(3)

Using ([S43)) and the total amount equation for C, we obtain:

_ kpoxs + k:grxﬁ(C — 9:9) r — k:3$5(C — :Eg) — kpoxs
* k3xs + k3rxe 7 s ksxs + k3rxe '

(958)

x4 is positive provided 0 < zg < a9 and 0 < zg < C. x3 is positive provided zg,xg satisfy
k‘3$5(c — 569) > kpoxg, that is,
k3x5C — kpos

Tg < ———— < (.
k3xs

The right-hand side decreases in xg. It is zero when k3x5C = kpoxg. If g > 0 then x5 > 0 and

hence the value that makes the right-hand side zero satisfies xg < . Therefore, x3, ..., x9 are
positive for xg, g in the set

ksxsC — k
Q= {(xg,:cg) € R%_’.’L‘g < M}7

ksxs

with x5 given by (S56]) and (S57)). For each value of 0 < xg < C, let S(x9) be the value of xg
for which zg = 1631’51637;5’12’”8, that is, the upper-bound of allowed values for xg. Note that 5(z9)
decreases in xg.

The expression for x4 in (S58)) increases in zg and decreases in x5, z9. The derivative of x4 with

respect to xg equals
k3rx3

(k3ws + k3pwe)’
and hence it is positive provided z3, x5, z¢ > 0. Therefore, for (zg,z9) € 1, x4 increases in xg
and decreases in xg9. Similarly, x3 decreases in xg and in xg.

Using (S42)) and the total amount equation for H we obtain

_ kaws(H — x9) — kexg — kniza — knoas o korxa(H — x9) + kexg + kpiza + knoxs
koxs + korxy4 o koxs + korxa '

I

For (zg,x9) € Q1, 1 is positive provided that

k‘Q[Bg(F — xg) > kpixa + kpoxs + kgo.
Fix a value of 0 < 29 < min(H,C). Then the left-hand side of the inequality is a decreasing
function of zg and the right-hand side of the inequality is increasing in zg. It follows that there
exists a value y(zg) such that the inequality is fulfilled if and only if xg < y(xg).

If zg = B(xg), then x3 = 0 while the right-hand side of the inequality is positive. It follows
that B(xg) > v(xg). z2 is positive if x4, x3 are positive and xg < H. Therefore, z1,...,x9 are
positive provided xg, zg belong to

Oy := {(:Ug,l’g) S R3_| g < min(ﬁ, 6), k2$3(ﬁ — :L'g) > kpixg + kpoxs + /{761‘9}.

It can be seen that in 2o, x1 decreases in g9 and in xg. Similarly, xo increases in xg. Further,
the numerator of z1 also decreases in xg. It follows that the supremum of xg in 29 is obtained
by setting x9 = 0:

koxsH — kpixg — kpaxs = 0,

where g = 0 is inserted into the expression of z3,x4. The solution of this equation is precisely
the value a obtained in the monofunctional case (see equation (S54])). Furthermore, the possible
values of zg in Oy are in I = (0, a).

25



(5) Using ([S45|) we obtain another expression for 1 at steady state:

(ksr + ke)rg 9
ksxa kyxs’

Ir1 =

where k, = ks/(ks, + k). This expression decreases in xg. We equate the two expressions for
X .
Ty  kowsH — koxswe — kerg — kp1Ta — kpaws

= S59
kyx4 koxs + korxy (859)

in order to relate xg and xg. This equality does not provide a linear equation in xg nor in xg,
when substituting the expressions for x3, x4 in terms of xg, x9. Thus, we have to proceed in a
different way from what we have done so far. For a fixed value of xg in I, the left-hand side
of the equation increases in xg and the right-hand side decreases in xg9. Therefore, for a fixed
value of zg in I = (0, «), the two sides of the equality intersect in exactly one point: xzg = g(xg).
Since the intersection point ensures that the right-hand side is positive, the intersection point
satisfies by construction that (zs, g(zs)) € Qs.

We do not have an analytical description of g but we have a procedure to determine g(xg) from
a given xg. The function g is given by the Implicit Function Theorem. Let

G(.Q:‘g, .1‘9) = (k‘gﬂ:‘g(H — wg) — kﬁl’g — k‘hll‘4 — kh2$g)ky$4 — 1‘9(14321'3 + k2r$4) = 0.

Then, for every value of zg, g(zs) is the first positive root of G(zs,z9). It follows that g is
continuous in I and differentiable. The derivative of g with respect to xg is given by

o' () = _ (0G/0xs)(xs, g(zs))
(0G [0x9)(ws, g(xs))

The function g can be extended to xg = 0 with ¢g(0) = 0.

B.3 Signal-response curve

The entries of (S47)) are derived using all steady-state equations except for (S41)). From (S41)) we

obtain that
_ kpizg + kpoxs + kgxo

ks = fo(ag) = (S60)
z1

If g € I, then fy(zg) is positive. Therefore, all concentrations at steady state are positive. This
function is continuous and differentiable. When xg approaches the upper bound of the interval I,
«, then x; tends to zero, x4 to some finite number and zg to zero. Hence ks grows to infinity
(provided kpy or kpo are non-zero, see below for the case kp; = kpa = 0). It follows that the image
of fp is (0,400) which guarantees the existence of at least one steady state. The function f; can be
differentiably extended at zero such that f;,(0) = 0.

Using the Chemical Reaction Network toolbox [2], we know that the system does not admit
multiple positive steady states. By continuity, it follows that f;, must be monotone, that is, an
increasing function. By the Inverse Function Theorem, there exists a continuous and differentiable
function in (0, +00),

zg = pp(ks)
defined by ¢p(ks) = zs if and only if ks = fi(xg).

If we increase k, while keeping kg fixed, the right-hand side of increases. It follows that
the value g(zg) increases. Consequently, x4 increases and x; decreases, which implies that ks must
increase as well. We conclude that as k, increases the graphs of f; pile on top of each other and
hence the graphs of ¢, lie below each other.
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kni = kpa = 0:  First of all, an easy check shows that (0, H,0,C,0,T,0, R,0) is a steady state for
all values of k. But for ks small enough, a second positive steady state exists as well.
In this case we have o = R and

kex
ks = folws) = ==

Hence both the numerator and denominator of f; tend to zero as zg tend to o = R. By plugging
the expression of x1 into fp, we have:

kekarkarky(C — x9)zs
kska(R — x8) — karkarag

fo(wg) =

We deduce that when zg = R, then g = 0 and fy(z5) = k:gk:y?. It follows that ks = f,(xg) does
not tend to infinity as xg approaches the upper bound of I, R. In this case, the signal-response
curve is defined by f,~ U for ks € [0, kekyC] and is constant at R for ks > kek,C.
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