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Control reproduction number and reproductive value

Instead of using basic reproduction number, R0, to show how many people on average can be infected by
an infected individual over the course of infectious period in a totally susceptible population [1] , we use
control reproduction number, Rc, to represent the same quantity for a system with control (treatment of
infected).

As in [2], System (1)with λa given by Equation (1g) can be written more compactly in vector notation
as

dS⃗0

dt
= −λ⃗⊗ S⃗0 + d⃗0 ⊗ C⃗0 + µ⃗⊗ N⃗ − µ⃗⊗ S⃗0, (S1a)

dC⃗0

dt
= λ⃗⊗ S⃗0 − d⃗0 ⊗ C⃗0 − τ⃗0 ⊗ C⃗0 − µ⃗⊗ C⃗0, (S1b)

dI⃗0
dt

= τ⃗0 ⊗ C⃗0 − γ⃗ ⊗ I⃗0 − µ⃗⊗ I⃗0, (S1c)

dS⃗1

dt
= −λ⃗⊗ S⃗1 + (d⃗0 + d⃗1)⊗ C⃗1 − µ⃗⊗ S⃗1, (S1d)

dC⃗1

dt
= γ⃗ ⊗ (I⃗0 + I⃗1) + λ⃗⊗ S⃗1 − (d⃗0 + d⃗1)⊗ C⃗1 − τ⃗1 ⊗ C⃗1 − µ⃗⊗ C⃗1, (S1e)

dI⃗1
dt

= τ⃗1 ⊗ C⃗1 − γ⃗ ⊗ I⃗1 − µ⃗⊗ I⃗1 (S1f)

with

λ⃗ =
1

N
ϕ(βC(C⃗0 + C⃗1) + βI(1− η⃗)⊗ (I⃗0 + I⃗1)), (S1g)

The vectors are column vectors, for example, S⃗0 = (S01, . . . , S06)
T , and ⊗ in the equations represents

component-wise product for matrices/vectors.
Using the next generation matrix technique [3, 4], we have

x =


C⃗0

I⃗0
C⃗1

I⃗1

 , F =


λ⃗⊗ S⃗0

0

λ⃗⊗ S⃗1

0

 , W =


(d⃗0 + τ⃗0 + µ⃗)⊗ C⃗0

−τ⃗0 ⊗ C⃗0 + (γ⃗ + µ⃗)⊗ I⃗0
−γ⃗ ⊗ (I⃗0 + I⃗1) + (d⃗0 + d⃗1 + τ⃗1 + µ⃗)⊗ C⃗1

−τ⃗1 ⊗ C⃗1 + (γ⃗ + µ⃗)⊗ I⃗1

 .

We assume that all susceptible have no past infections at the beginning of the disease, i.e., S⃗0 > 0, S⃗1 = 0.
Then,

F =


FC FI FC FI

0 0 0 0
0 0 0 0
0 0 0 0

 ,

with

FC =
βC

N
ϕ⊗ (S⃗01⃗

T ),

and

FI =
βI

N
ϕ⊗ (((1− η⃗)⊗ S⃗0)⃗1

T ),
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where 1⃗ = (1, 1, 1, 1, 1, 1)T ; and

W =


Wd⃗0+τ⃗0+µ⃗ 0 0 0

−Wτ⃗0 Wγ⃗+µ⃗ 0 0
0 −Wγ⃗ Wd⃗0+d⃗1+τ⃗1+µ⃗ 0

0 0 −Wτ⃗1 Wγ⃗+µ⃗

 ,

with
Wd⃗0

= diag(d⃗0), etc..

By matrix calculation, we have

FW−1 =

[
A B
01 02

]
,

where

A = W−1
(d⃗0+τ⃗0+µ⃗)(γ⃗+µ⃗)[(γ⃗+µ⃗)(d⃗0+d⃗1+τ⃗1+µ⃗)−γ⃗τ⃗1]

[W(γ⃗+µ⃗)[(γ⃗+µ⃗)(d⃗0+d⃗1+τ⃗1+µ⃗)−γ⃗(τ⃗1−τ⃗0)]
FC

Wτ⃗0(γ⃗+µ⃗)(d⃗0+d⃗1+τ⃗1+µ⃗)FI],

B is a nonzero matrix, 01 and 02 are zero matrices with proper dimensions such that FW−1 has the
same dimension as F. This gives

Rc = ρ(FW−1) = ρ(A). (S2)

To compare the relative contributions of infectious people in each age group to an outbreak, we used
the concept of reproductive value from population biology. It is given by the left eigenvector corresponding
to the eigenvalue Rc of the next generation matrix FW−1 [5]:

v⃗T (FW−1) = Rcv⃗
T ,

or
(FW−1)Tv⃗ = Rcv⃗.

The reproductive value is only a measure of the contributions of the age groups at the beginning of an
outbreak.
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